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Abstract 

In this article, we study the divisor classes of del Pezzo surfaces, which 
are written as the sum of distinct lines with fixed intersection according 
to the inscribed simplexes and crosspolytopes in Gosset polytopes. 

We introduce the fc-Steiner system and cornered simplexes, and char- 
acterize the configurations of inscribed m(< 4)-simplexes with them. 

Eligher dimensional inscribed m(4 < m < 7)-simplexes exist in 42i in 
the Picard group of del Pezzo surface of degree l.The configurations 
of 4- and 7-simplexes are related to rulings in Ss. And the configurations 
of 5- and 6-simplexes correspond the skew 3-lines and skew 7- lines in Ss- 
In particular, the seven lines in a 6-simplex produce a Fano plane. 

We also study the inscribed crosspolytopes and hypercubes in the Gos- 
set polytopes. 
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1 Introduction 



In this article, we study the divisor classes of del Pezzo surfaces which are 
written as the sum of distinct lines with fixed intersection, and we explore the 
configuration of lines producing the divisors along the geometry of Gosset poly- 
topes. As the vertices of the Gosset polytopes are corresponded to lines, the 
divisor classes we consider are related to polytopes in the Gosset polytopes. Be- 
cause Gosset polytopes are compact convex polytopes with symmetries , divisor 
classes in this article are naturally finite, and the corresponding configurations 
have symmetries leading us interesting results hereinafter. 

A del Pezzo surface is a smooth irreducible surface Sr whose anticanonical 
class — Ks^ is ample. Each del Pezzo surfaces can be constructed by blowing 
up r < 8 points from unless it is x P^. A line in Pic Sr is a divisor class 
I with P = I ■ Ks^ = — 1. By the adjunction formula, a line I contains a rational 
smooth curve in 5"^. This rational curve is embedded to a line in P^^'' along 
the embedding given by |— JsTs^l, when Sr is very ample. The set of lines Lr in 
Pic Sr is finite, and its symmetry group is the Weyl group Er- 

The Gosset polytopes (r — 4)21, 3 < r < 8, are the r-dimensional semiregular 
polytopes discovered by Gosset whose symmetry groups are the Coxeter group 
Er- The vertex figure of (r— 4)21 is [r — 5)21 and the facets of (r— 4)21 are regular 
{r— l)-dimensional simplexes ar^i and (r— l)-dimensional crosspolytopes /3r-i- 
But all the lower dimensional subpolytopes are regular simplexes. The set of 
vertices in (r — 4)21 is bijective to Lr the set of lines in Pic Sr ([S] [Hj). In fact, 
author [TT] showed that the convex hull of Lr in Pic Sr is the Gosset polytopes 
(r — 4)21. These are the Gosset polytopes considered in this article. As the 
subsets of vertices in (r — 4)21, equivalently lines in L,., represent the polytopes 
in (r — 4)21, the divisor classes under our consideration and the configuration of 
lines in them are closely related to the the polytopes in n (r — 4)21. 

The sum of m-lines with 0-intersection in Pic Sr is called a skew m-line 
Dm in Sr {[H] or subsection 12. 2p . According to the correspondence between 
the lines in Lr and vertices in (r — 4)21, the set of skew m-lines in Sr is 
bijectively related to the set of the regular m-simplexes in (r — 4)21. Thus the 
divisor classes Dm in Pic Sr exist for 1 < m < r and satisfy Z)^„ = — m and 
Ks^Dm = —m. In fact, skew m-lines are equivalent to the divisor classes with 
D^ = — m and Ks^D — — m, when 1 < m < 3. As a line in Pic Sr gives a 
rational map from Sr to Sr-i by blowing down the exceptional curve in the 
line, the skew r-lines in Pic Sr is corresponded to a rational map from Sr to P^. 
Therefrom, we relate the skew r-lines in Pic Sr to divisor classes Dt with D^ — 1 
and Ks^Dt = — 3. This divisor class in Pic Sr is called an exceptional system, 
and its linear system gives a regular map to P^. By a transformation given by 
Ks^ + SDt, Sr the set of exceptional system in Pic Sr and L^ are bijectively 
related for 3 < r < 7. When r = 8, the set of exceptional systems has two 
orbits of Eg, action. One orbit corresponds to the set of skew 8-lines in 5*8, and 
the other orbit corresponds to the set of i?8-roots. Thus an exceptional system 
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Dt in £s satisfies either —3Ksg +2d ^ Dt for a root d or 3Dt + Ksg = Di for 
Di is a skew 8-lines. These two orbits in play key roles later on. 

As the regular (r — l)-siniplexes, a type of facets in (r — 4)21, are related to 
exceptional systems, the (r — l)-crosspolytopes in (r — 4)21, the other type of 
facets, are also connected to special divisor classes in Pic Sr so called rulings. 
A ruling is a divisor class D in Pic Sr with = and Ks^D — —2 which gives 
a fibration of Sr over P^. The Fr set of rulings in Pic Sr is bijective to the set 
of (r — l)-crosspolytopes in the (r — 4)21 ([H])- Rulings are studied in many 
different directions. As the lines play the generators in Cox rings, the rulings 
determines the relations for the rings by Batyrev and Popov ([I]). And rulings 
are also applied to the geometry of the line bundles over del Pezzo surfaces via 
the representation theory by Leung and Zhang ([H] Each ruling in Pic Sr is 
bijectively related to the sum of two lines Lr with 1-intersection. Here, each of 
the sum can be written by (r — 1) different pair of lines which are corresponded 
to the (r — l)-bipolar pairs of vertices in an (r — l)-crosspolytope in (r — 4)21. 

Now, the remain cases of the sums of lines in Lr have positive intersections. 
The distinct lines with fixed positive intersections are corresponded to simplexes 
whose vertices are in the vertices of (r — 4)21 but their edge are not. Since 
(r — 4)21 is convex, these simplexes are inscribed in (r — 4)21, and the barycenters 
of the simplexes are corresponded to the sums of the distinct lines with fixed 
positive intersection. Therefrom we call the set of m-lines {^i, Im} in Lr with 
fixed intersection 6 > as an inscribed b-degree m-simplex in (r — 4)21 or an 
A'^{b)-polytope, and the sum of line h + ... + Im is called as the center of the 
^^(6)-polytope. Here the fc-degree is the common intersection between vertices, 
i.e. lines, in the ^^„(6)-polytope and also equivalently implies that the length 
of edges is ■y/2(l + b). As the maximal possible intersection between lines in 
Lr is 3, there is no inscribed simplexes with degree m > 3. As the inscribed 
1-degree 1-simplexes in (r — 4)21 are rulings, we also assume m > 1 from now 
on. When r = 6, ^2(l)"Polytop6S are the biggest possible one in 221 and there 
is no AJ„(6)-polytope with m > 1. When r — 7, A3(l)-polytopes are the biggest 
possible one in 821 with 1-degree, and A^(2)-polytopes are the only possible one 
with k > 2. When r — 8, A^(l)-polytopes exist up to m = 7 because the root 
space of 5*8 is 8-dimensional, and Al{2), ^2(2) and (3)-polytopes also exist. 

For AJ'„(l)-simplexes in 221, 821 and 42i for m < 3, the configurations of lines 
in the simplexes can be obtained by fc-Steiner system and monoidal transforms. 

A Steiner system S{x, y, z) is a type of block design system given by a fam- 
ily of y-element subsets, called as blocks, in z-element total set where each 
a:-element in the total set is contained exactly one subset in the family. For ex- 
ample, S{2, 3, 7) represents the famous Fano projective plane. The deterministic 
nature of blocks of Steiner systems can be found in the Steiner triplet in cubic 
surfaces which may not be honest Steiner system. But we focus the determin- 
istic nature of the systems and define S{k, Sr), k-Steiner system in Sr which is 
a family of subsets of Lr where each (fc — l)-lines in Lr with constant intersec- 
tions to each other determines exactly one subset in the family. A typical type 
of fc-Steiner systems is found when the sums of the lines in all the blocks is con- 
stant. In other words, all blocks in the fc-Steiner system are corresponded to the 
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^fe_i('TT')-siinplexes for some m with common center. In section [31 we define k- 
Steiner systems 5^(2, Si), 5yi(2, 5*8), 5b(3, 5*6), 5^(3, Ss), and 5c(4, 6*7) which 
are related to Aj(2)-, Af (3)-, (1)-, A|(2)- and A|(l)-polytopes respectively. 

To apply the monoidal transform for the inscribed simplexes, we introduce 
a notion of cornered simplex. A simplex in (r — 4)21 is called cornered if there 
is a line I in Lr whose vertex figure contains the simplex, and the otherwise 
is called uncornered. Here the vertex figure of I in {r — 4)21 is the subset of 
lines in Lr with 0-intersection with I. Thus a simplex cornered by a line I is 
preserved by the blow down map 7r[ : Sr Sr~i given by the line I. As there 
is no A^(l)-polytopes in 221, 32i for m > 3, all the A^;>3(l)-polytopes in 42i 
are uncornered. For A3(l)-polytopes in 42i, both cases appear. The centers 
of ^3(l)-polytopes in 42i are bijectively related to the exceptional system in 
fgj and the centers of cornered (resp. uncornered) A3(l)-polytopes correspond 
roots (skew 8- lines) in Ss- 

The A2(l)-polytopes exist for r — 6,7, 8. All the A2(l)-polytopes in 221 share 
a center so that the configuration of A2(l)-polytopes in 221 is given by 5b (3, 5*6), 3- 
Steiner system in 5*6. The set of Al{l) (resp. A2(l))-polytopes is equivalently 
the set of lines in Pic S7 (resp. skew 2-lines in Pic Sg). The ^2(1) (resp. 
A|(l))-polytopes are cornered by a line (resp. a skew 2-line in Pic Sg), and the 
configuration of ^2(1) (resp. A|(l))-polytopes of a fixed center is also given by 
5b (3, 5*6) along the monomial transform. 

The A3(l)-polytopes exist for r = 7, 8. All the A3(l)-polytopes in 221 share a 
center so that the configuration of A3(l)-polytopes in 32i is given by 5c(4, 57), 4- 
Steiner system in S7. The set of cornered A3(l)-polytopes is equivalently the 
set of roots in Pic Ss, and the configuration of cornered A3(l)-polytopes of a 
fixed center is also given by 50(4,6*7) along the monomial transform. On the 
other hand, the set of uncornered A|(l) -poly topes is equivalent to the set of 
7-simplexes in 42i, and the configuration of uncornered A|(l)-polytopes of a 
fixed center is obtained as the set of 4-skew edges in a 7-simplex in 42i. 

The AJ„(l)-polytopes for m > 3 exist only in 42i. As A^^3(l)-polytopes 
are uncornered, the configuration for these are far from being uniform. But 
as the uncornered A3(l)-polytopes are related to the 7-simplexes in 42i,the 
^5(1) (resp.Ag(l))-polytopes are related to skew 3-lines (resp. skew 7-lines), 
and the ^1(1) and 747(l)-polytopes are related to rulings in Pic Sg. 

An A4(l)-polytope can be obtained by adding proper line to an uncornered 
A3(l)-polytope. And this A4(l)-polytope contains unique corned A3(l)-polytope 
in it, which gives a line I in Ls according to the correspondence between the 
roots (in fact, lines when r = 8) in Pic Sg and the centers of cornered A|(l)- 
polytope in 42i. This line I intersects by one with the line I' remained line in 
A4(l)-polytope after taking off the corned A3(l)-polytope. Thus I + I' gives a 
ruling in Pic Ss- It turns out this is true for all the A4(l)-polytopes. Thus for 
each center of A4(l)-polytope, there is unique line in Ls and the center 
Ad^ of an cornered A3(l)-polytope such that — Ajj^^ + l^^. Furthermore, 
the set of the centers of yl4(l)-polytope in 42i is bijective to the following set 
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of order pairs of lines with l-intcrsection defined as 

h ■■= {{h,l2) I h,h e is with h-l2 = 1}. 

Moreover, all the A4(l)-polytopes with center D5 in 42i share a common line 
Ijy^, and D5 — is the common center for the unique cornered A|(l)-polytope 
in each yl4(l)-polytope. 

The set of centers of yl5(l)-polytopes is equivalent to the set of skew 3-lines 
in Pic Sg. As a skew 3-line is given by unique triple of lines with 0-intersection, 
an A5(l)-polytope contains unique triple of cornered yl3(l)-polytopes in it. This 
characterization gives the configuration of A|(l)-polytopes. 

Just like A5(l)-polytopes, each center of Ag(l)-polytope gives a skew 7-lines 
in which is given by the unique choice of seven lines with 0-intersection, 
and the uniqueness is the key to study the configuration of Ag(l)-polytopes in 
421. Thus for each Ag(l)-polytope, there are seven cornered A3(l)-polytopes 
in it. Furthermore, for each cornered A3(l)-polytope in a Ag(l)-polytope, 
the remained three lines form an A2(l)-polytope which is not contained in 
any cornered j43(l)-polytope in the 6-simplex. We call the triplet of lines Fano 
block and show that each >lg(l)-polytope contains seven Fano blocks in it. More- 
over, the seven lines in a Ag(l)-polytope and its Fano blocks produce a Steiner 
system 5(2, 3, 7) which is known as Fano plane. 

The configuration of A7(l)-polytopes in 42i is close to that of A4(l)-polytopes. 
Here each center of A7(l)-polytopes gives a ruling in 42i. Furthermore, each 
center of A7(l)-polytopes can be written as the sum of two centers of cornered 
A3(l)-polytopes where they are in the vertex figures of the bipolar pair of lines 
in the corresponding ruling. 

The configurations of inscribed A5^(6)-polytopes in (r — 4)21 in degree b > 

1 are obtained by the fc-Steiner system and the monoidal transforms. 

We also consider the inscribed crosspolytopes in (r — 4)21 which exists only 
for r = 8. And as the applications of the configurations of lines for A'!^^{b)- 
polytopes in (r — 4)21 and crosspolytopes in 42i, we study the hypercubes in 
321 and 42i. 

As Coxeter[7] related his study on 42i to the Cayley integral numbers, an- 
other direct application of the configuration of lines in del Fezzo surfaces can 
be found in the octonions numbers. We discuss this in another article. 

2 Preliminaries 



2.1 Regular Polytopes and Gosset Polytopes 

In this subsection, we review the general theory on regular polytopes that we 
use in this article and a family of semiregular polytopes known as Gosset figures 
(fe2i according to Coxeter). Here, we only present general facts, and the further 
detail of them can be found [3][l][S]and [TT] . 
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Let Pn be a convex n-polytope in an n-dimensional Euclidean space. For 
each vertex V, the midpoints of all the edges emanating from a vertex V in P„ 
form an (n — l)-polytope if they lie in a hyperplane, and this (n — l)-polytope 
is called the vertex figure of P„ at V . In this article, the vertices on the other 
ends of the edges emanating from the vertex V also form an (n — l)-polytope, 
and we also call this (n — l)-polytope the vertex figure of V m Pn. 

A regular polytopc P„ (n > 2) is a polytopc whose facets and vertex figure at 
each vertex are regular. In particular, a polygon P^ is regular if it is equilateral 
and equiangular. Naturally, the facets of regular P„ are all congruent, and the 
vertex figures arc all the same. 

In this article, we consider two classes of regular polytopes. 

(1) A regular simplex a„ is an n-dimensional simplex with equilateral 
edges. Note Un is a pyramid based on Thus the facets of a regular 
simplex a„ is a regular simplex and the vertex figure of a„ is also 

For example, ai is a line-segment, is an equilateral triangle, and as is a 
tetrahedron. For a regular simplex a„, only regular simplex Q!/j,0<fc<n — 1 
appears as subpolytopes. 

(2) A crosspolytope /?„ is an n-dimensional polytope whose 2n-vertices 
are the intersects between an n-dimensional Cartesian coordinate frame and 
a sphere centered at the origin. Note /3„ is a bipyramid based on /3„_i, and 
the n- vertices in /3„ form q:„_i if the choice is made as one vertex from each 
Cartesian coordinate line. So the vertex figure of a crosspolytope /3„ is also a 
crosspolytope Pn-i^ and the facets of /3„ is a„_i. For instance, /3i is a line- 
segment, /32 is a square, and 0s is an octahedron. For a crosspolytope only 
regular simplex ak, < k < n — I appears as subpolytopes. 

A polytope P„ is called semiregular if its facets are regular and its vertices are 
equivalent, namely, the symmetry group of P„ acts transitively on the vertices 
ofP„. 

Here, we consider the semiregular k^i polytopes discovered by Cosset which 
are (A;-|-4)-dimensional polytopes whose symmetry groups are the Coxeter group 

Ek+4- Note that the vertex figure of k2i is (k — Ij^i and the facets of k2i are 
regular simplexes ak+s and crosspolytopes Pk+3- The list of ^21 polytopes is 
following. 



k 




A;2i-polytopes 


-1 




triangular prism 







rectified 5-ccll 


1 




demipenteract 


2 




E'e-polytope 


3 


E7 


i?7-polytopc 


4 


Es 


ii^8-polytope 



List of Gosset Polytopes fc2i 



For A; 7^ —1, the facets of fei-polytopes are the regular simplex afe+3 and 
the crosspolytope l3k+3- But all the lower dimensional subpolytopes are regular 
simplexes. When k = —1, the vertex figure in — 121 is an isosceles triangle 
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instead of an equilateral triangle, and its facets are the regular triangle a2 and 
the square /32- 

The table of total numbers of subpolytopes in k2i is very useful in this article 
and presented below. 



£^fc+4-polytope(fc2i) 


-I21 


O21 


I21 


221 


321 


421 




3 


5 


10 


27 


126 


2160 


vertex 


6 


10 


16 


27 


56 


240 


ai 


9 


30 


80 


216 


756 


6720 


a2 


2 


30 


160 


720 


4032 


60480 


as 




5 


120 


1080 


10080 


241920 








16 


648 


12096 


483840 


"5 








72 


6048 


483840 


ae 










576 


207360 


a? 












17280 



Number of subpolytopes iu ^21 



2.2 Gosset Polytopes in the Picard Groups of del Pezzo 
Surfaces 

The del Pezzo surfaces are smooth irreducible surfaces Sr whose anticanonical 
class — Ks^ is ample. We can construct the del Pezzo surfaces by blowing up 
r < 8 points from unless it is x P^. In particular, it is very well known 
that there are 27 lines on a cubic surface 5*6 and the configuration of these lines 
is acted by the Weyl group Ee{\^[9^ l0 ). The set of 27-lines in 5*6 are bijective 
to the set of vertices of a Gosset 22i polytope. The similar correspondences 
are found between the 28-bitangents in 5*7 and 32i polytopes, and between the 
tritangent planes for 5*8 and 42i polytopes. The correspondence between lines 
in Sq and vertices in 22i is applied to study the geometry of 22i by Coxeter([5]), 
and the correspondence is extended to each 3 < r < 8([U). 

We denote such a del Pezzo surface by Sr and the corresponding blow up 
by TTr ■ Sr P^. And Kg^ = 9 — r is called the degree of the del Pezzo 
surface. Each exceptional curve and the corresponding class given by blowing 
up is denoted by et, and both the class of tt* {h) in Sr and the class of a line h 
in P^ are referred as h. Then, we have 

= 1, h ■ Ci — 0, Ci ■ Bj = for 1 < «, j < r, 

and the Picard group of Sr is 

Pic Sr ^1h® Zei © ... © Zer 

with the signature (1, —r). And Ks^ = —3h + J2l=i ^i- 
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The inner product given by the intersection on Pic Sr induces a negative def- 
inite metric on {ZKs^)'^ in Pic Sr where we can also define natural reflections. 
To define reflections on {ZKs^)'^ in Pic Sr, we consider a root system 

Rr := {d e Pic Sr\(f ^ -2, d-Ks,= 0}, 

with simple roots do = h — ei — €2 — 63, di = Ci — Cj+i, 1 < i < r — 1. Each 
element d in Rr defines a refiection on (TiKs^)'^ in Pic Sr 

ad{D) :=D + {D-d)d for L» G (^^sj"^ 

and the corresponding Weyl group W{Sr) is Er where 3 < r < 8. Furthermore, 
the reflection aa on (Zifs^)"*" can be used to obtain a transformation both on 
Pic Sr and on Pic Sr <^Q — Qh ® Qei © ... ® Qe^ via the linear extension of 
the intersections of divisors in Pic Sr- Here Pic Sr (Si Q is a. vector space with 
the signature (1,— r). 

In this article, we deal with divisor classes D satisfying D ■ Ks^ = a, D"^ = 
/3 where a and (3 are integers, which are preserved by the extended action of 
W{Sr)- In particular, W{Sr) acts as a reflection group on the set of divisor 
classes with D ■ Ks^ = a. Therefrom, we define an affine hyperplane section in 
Pic Sr'SiQ defined by 

Hb := {D GPicSr 8) Q I -£> • Kg, = b} 

where b is an arbitrary real number and an affine hyperplane section Hh := 
Hb n Pic Sr in Pic Sr- By the ample condition of —Ks^ and the Hodge index 
theorem, the inner product on Pic Sr induces a negative definite metric on Hj,- 
In fact, the induced metric is defined on Pic Sr ® Q, and we can also consider 
the induced norm by fixing a center gzi^Ks^ in the affine hyperplane section 
—D ■ Ks^ = 6 in Pic Sr Q. This norm is also negative definite. Furthermore, 
the reflection dd on Pic Sr <E) Q induces a reflection on Hb- Gcnerically, the 
hyperplanes in Pic Sr 'E> Q induce affine hyperplanes in Hb and they may not 
share a common point. But the reflection hyperplane of each reflection ad in 
Pic Sr (iS Q gives a hyperplane in Hb containing the center because it is given 
by a condition Ks^ ■ d = 0- Thus, the Weyl group W{Sr) acts on Hb and Hb as 
an reflection group. 

Now, we want construct Gossct polytopcs (r — 4)21 in Pic Sr ® Q as the 
convex hull of the set of special classes in Pic Sr, which is known as lines. A 
line in Pic Sr is equivalently a divisor class / with P = —1 and Ks^ ■ I = —1, 
and the set of lines is given as 

Lr ■-= {D e Pic{Sr) I = -l,KsrD = -1}. 

As the Weyl group W{Sr) acts as an aflane reflection group on the affine hy- 
perplane given by D ■ Ks^ = —1, W{Sr) acts on the set of lines in Pic Sr- 
Therefrom, we construct a semircgular polytope in Pic Sr 'Si Q whose vertices 
are exactly the lines in Pic Sr- Since the symmetry group of the polytope is 
W{Sr), the polytope is actually a Gosset polytope (r — 4)21. 
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Remark: Each line I in Lr contains a exceptional curve which produces a 
blow down map from Sr to Sr-i- We denote the map as tt^ i ^ ^S'^- — r. 

For a Gosset polytope (r — 4)21, subpolytopes are regular simplexes excepts 
the facets which consist of (r — 3)-simplexes and (r — 3)-crosspolytopes. Since 
the subpolytopes in (r — 4)21 are basically configurations of vertices, we obtain 
natural characterization of subpolytopes in (r — 4)21 as divisor classes in Pic Sr- 

Remark : To identify each subpolytope in (r — 4)21, wc want to use the 
barycenter of the subpolytope. Each vertex of the polytope (r — 4)21 represents 
a line in Sr, and the honest centers of simplexes (resp. crosspolytopes ) are 
written as {h + ... + lk)/k (resp.(/i + ?2)/2) in Hi which may not be elements 
in Pic Sr- Therefore, alternatively, we choose {li + ... + Ik) as the center of a 
subpolytope so that (/i + ... + Ik) is in Pic Sr. 

We use the algebraic geometry of del Pezzo surfaces to identify the divi- 
sor classes corresponding to the subpolytopes in (r — 4)21. For this purpose, 
WC! consider the following set of divisor classes which are called skew a-lines, 
exceptional systems and rulings in Pic Sr. 

:= {D e Pic{Sr) \ D = li + ... + la, k disjoint lines in Sr} 
£r ■■= {D e PiciSr) \D^ = 1, Ks^-D = -3} 
Fr := {D e PiciSr) =0, Ks^-D = -2} 

The skew a-line in is an extension of the definition of lines in Sr. Each 
skew a-line represents an (a — l)-simplex in an (r — 4)21 polytope. Furthermore, 
each skew a-line, there is only one set of disjoint lines in Lg to present it. The 
skew a-lines also holds = —a and D ■ Ks^ = —a, and the divisor classes with 
these conditions arc cquivalcntly skew a-lincs for a < 3. 

The exceptional system in £r is a divisor class in Pic Sr whose linear system 
gives a regular map from Sr to P^. As this regular map corresponds to a blowing 
up from to Sr, naturally exceptional systems are related to (r — l)-simplexes 
in (r — 4)21 polytopes, which is the one of two types of facets appearing in 
(r — 4)21 polytopes. In fact, by a transformation $ from £r to LJ] by 

$(A) :=i^s. +3Afor DtGSr, 

the set £r is bijective to the set of the (r— l)-simplexes in (r — 4)21 polytopes, for 
3 < r < 7. When r = 8, the set of exceptional systems has two orbits. One orbit 
with 17280 elements corresponds to the set of skew 8-lines in 5*8, and the other 
orbit with 240 elements corresponds to the set of ii^g-roots because —3Kss+ 2d 
is an exceptional system for each Eg-root d. Thus an exceptional system in 
£r satisfies either —SKsg +2d = Dt for a root d or 3Dt + Kg^ = Di for Di is 
a skew 8-lines. 

The ruling in Fr is a divisor class in Pic Sr which gives a fibration of Sr over 
P^. And we show that the Fr is bijective to the set of (r — l)-crosspolytopes 
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in the {r — 4)21 polytope. Furthermore, we explain the relationships between 
lines and rulings according to the incidence between the vertices and (r — 1)- 
crosspolytopes. This leads us that a pair of proper crosspolytopes in the (r— 4)21 
give the blowing down maps from Sr to x . 

After proper comparison between divisor classes obtained from the geometry 
of the polytope (r — 4)21 and those given by the geometry of a del Pezzo surface, 
we come by the following correspondences. 



del Pezzo surface Sr 


Gossct polytopcs (r — 4)21 


lines 


vertices 


skew a-lines I < a < r 


(a — l)-simplexes 1 < a < r 


exceptional systems 


[r — l)-simplcxes (r < 8) 


rulings 


(r — l)-crosspolytopes 



Lines and rulings 

Now, we know rulings in Pic Sr correspond {r — l)-crosspolytopes in the 
Gosset polytopes (r — 4)21. Since an (r — l)-crosspolytope has 2(r — 1) vertices 
in it, we want to have a criterion that a line I in Lr is one of the vertices of 
an (r — l)-crosspolytope corresponding to a ruling /. Here, the following are 
equivalently stating the criterion. 

(1) ,/ • ^ - 

(2) / — Hs a line 

(3) The vertex represented by I in {r — 4)21 is one of the vertex of the 
(r — l)-crosspolytope corresponding to /. 

Gieser Transform and Bertini Transform for lines 
In [llj . we define the Gieser transform on lines in S^ or simply Gieser 
transform by 

G{1) := - {Ks, + I) for I e L7. 

This is an automorphism of Lj which is closely related to the deck transforma- 
tion of the covering from S^ to P^ given by |— iCs^l. Similarly a transformation 
B on lines in 5*8 defined by 

B{1) ■= - {2Ks, + 1) for I e Ls 

is referred as the Bertini transform on lines or simply Bertini transform. 

The Gieser transform G and the Bertini transform B preserve the intersec- 
tion between two lines. Therefrom, these transforms can be extended to sym- 
metries on the configurations of lines in Si and 5*8, which are also symmetries 
on 821 and 42i respectively (see [TTj). 

2.3 Monoidal transform of del Pezzo surfaces 

Since a del Pezzo surface Sr is obtained by blowing up of one point on Sr-i, we 
can describe divisor classes in Sr^i producing lines in Sr after blowing up. Let I 
be the exceptional divisor in 5"^ given by a blow-up of a point from 5^-1, namely 
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7r[ : Sr Sr-i- The proper transform of a divisor D in Pic Sr-i producing a 
line in Sr satisfies 

(D) - mlf = -1, {D) - ml) ■ J + = -1 

for a nonnegative integer m. Therefore, we consider a divisor D in Pic{Sr-i) 
with 

= - 1, £) • Ks,_^ = -m - 1. 
By the Hodge index theorem, the list of possible m is 

[0,1 4 < r < 6 

m=i 0,1,2 r = 7 

[ 0,1,2,3 r = 8 

On the other hand, the integer m is the intersection between I and a line 
7r[* {D) — ml. Therefore, the above divisors in Sr-i characterize the subsets of 
Lj. according to the intersection with I. Here we consider a set Nk{l, Sr) defined 
as 

Nk{l, Sr) :={l' eLr\l' ■l = m} for k> -1, 
and obtain the following bijections. 

No{l,Sr) « Lr-1 for 4 < r < 8 
Ni{l,Sr) « Fr-i for 4 < r < 8 

N2{1, Ss) « iVo(-2i^5s - I, Ss) « Lr, N^il, Sr) = {-Kg, - 1} 
N,{l,Ss) = {-2Ks,-l}. 

It will be useful to observe the Gieser transform G on iy gives 

G{N_,{l,Sr)) = N2{l,Sr) and G{No{l,S7)) = N,{l,Sr), 

and the Bertini transform B on Lg induces 

B{N_,{l,Ss)) = N3{l,S8), B{No{l,S8)) = N2{l,Ss) and B{Ni{l,S8)) = N,{l,Ss). 
Lines of vertex figure 

In this article, the subset NQ{l,Sr) in Lr plays very important role. When 
we consider a rational map given by blowing down of the exceptional curve 
in I, No{l,Sr) in is bijectively mapped to the lines in Sr-i which are also 
vertices of the corresponding Gosset polytope (r — 5)21- We call Nf){l,Sr) in 
Lr lines of vetrex figure of I or simply vertex figure of I. In fact, each line in 
A^o(^j Sr) is joined to I with an edge, and the set of midpoints of there edges is 
the vertex figure of the vertex I in {r — 4)21. 
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3 Steiner Systems of del Pezzo Surfaces 



A Steiner system S{a, b, c) is a type of block design system which is a family of 
subsets S consisting of 6-elements in a set T of c-elements satisfying that each 
a-elements of T is contained exactly one subset in the family. Here the subset 
iS* in the system is called a block. 

For example, 5(2, 3, 7) represents the famous Fano projective plane which is 
a family of 3-points subsets (called lines) in 7-points set where each two points 
in the set determines a line. This is one special case of Steiner triple systems 
5'(2,3, n) containing n{n — l)/6 blocks. An analog of Steiner system can be 
consider on the set of lines in the Picard group of Sq whose block is given as a 
subset(called a triplet) consisting of three lines in 5*6 with 1-intersection to each 
others. Because the sum of these three lines in a block equals to —Ks^, a block 
is defined by each two lines with 1-intersection. However, the total number 
of blocks in this system is much less than expected number of blocks in the 
ordinary Steiner triple system 5(2,3,27). Therefore, it is natural to add a few 
combinatorial conditions to define an analogue of Steiner system on the family 
of divisors of del Pezzo surfaces. In this section, we define Steiner systems on 
del Pezzo surfaces as an analogous to the triplets in cubic surfaces and search 
Steiner systems in the configurations of lines in del Pezzo surfaces. 

In this article, we work on divisor classes D given as a sum of lines with fixed 
intercessions. The divisor class D satisfies equations = a and D ■ Ksg = (3. 
For certain integers a and /3, the equations have unique solution which gives a 
condition determining a block in the following fc-Steiner system. 

Definition 1 A family of subset of lines in a del Pezzo surface Sr written 
S{k, Sr) is called a k-Steiner system on Sr if it is a family of subset 5 of k- 
lines in Pic Sr where each {k — l)-lines in Pic Sr with constant intersection to 
each other determines exactly a subset 5 in S{k, Sr). 

Note: Each block in S{k, Sr) has fc-lines. 

A. 2-Steiner system on 57 and 58 

We consider a family of subsets of lines in 57 defined by 

5^(2,57) ^2} Ml = 2 for/i,?2 eL^}. 

Recall that for two lines h and I2 in Pic 57, li ■ I2 — 2 is equivalent to h + 12 = 
—Kst Thus each line / in 57 gives a 2-Steiner block defined as {I, — {Ks^ + I)} = 
{l,G{l)}. Therefore, SA{2,S^) is a 2-Steiner system on 57. In fact, each 2- 
Steiner block in 5^1(2,57) on 57 represents a bitangent of degree 2 covering 
from 57 to given by |— iiTs^l (see chapter 8 [5]). 

Similarly, we define a family of subsets of lines in 58 by 

5^(2,58) ^2} Ml •?2 = 3 for/i,?2 e Lg}. 
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Because any two lines li and I2 in Pic Ss with Zi • Z2 = 3 equivalently hold 
h + I2 = —"^Ksg- Therefore, each line I in Ss determine a 2-Steiner block given 
by {l,~{2Kss +1)} = {LB{1)}. So 5^(2,58) is a 2-Steiner system on Ss- 
Again, this 2-Steiner block on Ss is related to a tritangent plane of degree 2 
covering from Ss to given by \—2Ks^\ (see chapter 8 [S]). 

B. 3-Steiner system on Se and Ss 

The triplet in cubic surfaces is a typical example of a 3-Steiner system on 
5*6 defined by 

5s(3, 5*6) := {{h.hjs} \ h ■ h ^ h ■ h ^ h ■ h ^ I for h, hh e ie}, 

because each pair of lines and I2 with ■ Z2 = 1 determine a line I :— —Ks^ — 
li — I2 with li ■ I — I2 ■ I = 1. 
Similarly, for Ss 

5s (3,58) {{^1,^2,^3} \h-l2^l2-h = h-h = 2 for h, hh e ^s} 

is a 3-Steiner system on 5*8 because each three line li, I2 and ^3 in ^8 with 

11 ■ Ij = 2, i j, holds 

h + h + h = -3Ks,. 

Here, li + I2 + h is a divisor D with Z?^ — 9 and Z) • Ksg = —3 and moreover 
—SKsg is the only divisor with the conditions by Hodge index theorem. 

Remark: For each line / in S'8, Z -f Ksg is a root in Ss, and the vice versa. 
Thus, any three roots di , c?2 and c?3 in Ss with di ■ dj — I, i ^ j have 

di+ d2 + d3 = li + l2 + h + SKss = 0, 
and also give a 3-Steiner system of the roots on Ss- 

As an application of this 3-Steiner system on Ss, we have the following 
theorem. We also provide another proof given by monoidal transform of lines. 
The argument in the second proof is very useful in this article. 

Theorem 2 For a del Pezzo surface Ss , the canonical class Ksg can be written 
as 

Kss h — h — h 
where li, I2 and I3 are lines with h ■ I2 — h 'h — and I2 -l^ ^ 2. 

Proof(l): Each lines I2 and I3 with I2 -Is ~ 2 determines a line —3Ksg — 

12 — I3 as in a 3-Steiner block. Again, as in the 2-Steiner system, we get a line 

h = - {2Ks, + i~3Ks, -I2- h)) = Ks, + {I2 + ^3). 
This gives theorem. 
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Proof(2): Consider a line li in Lg and corresponding blow down map irf : 
5*8 — >■ 57. Recall that —Ksj can be written as the sum of two lines I2 and I3 in 
L7 with I2 ■ I3 = 2. Since Ks^ = nf*{Ksj) + h and h ■ h — h ■ h — 0, we have 

Kss — —h — h + h ■ 

m 

Remark : The theorem implies that for a divisor class ^2 + ^3 with I2 -h = 2, 
the divisor class Ksg + Z2 + ^3 is a line with 0-intersection to I2 and I3. 

C. 4-Steiner system on Sr 

For 5*7, any three lines in 5*7 with 1-intersection to each other determine a 
line because each four lines h, I2, h and I4 in 5*7 with U -1^ = 1,1^ j, holds 

/l + /2 + /3 + ^4 = -2i^S,. 

Here, + ^2 + ^3 + 14 is a divisor D with = 8 and D ■ Ks-, ~ —4 and ~2Ks-! 
is the only divisor with the conditions. 

Therefore, we get a 4-Steiner system in 6*7 given by 

5c(4, S'7) {{^1,^2, ^3,^4} I k ■lj = l,i^ j for h, hhM G Lj}. 



4 Inscribed regular polytopes in Gosset poly- 
topes 

In this section, we study the convex regular polytopes whose vertices are the 
subset of vertices of Gosset polytopes. As the nature of the study on Gos- 
set polytopes including the symmetry of high degree, the characterization of 
inscribed polytopes is complicated. Since we are dealing the divisor classes 
written as sum of lines with fixed intersection, we focus on the fundamental 
regular polytopes such as simplexes and crosspolytopes in this article. In fact, 
one can also consider polytopes, such as cubes, sharing not only vertices but 
also edges with Gosset polytopes. We will discuss these in the next section. 

As in [11] , we identify the barycentric centers of simplexes and crosspolytopes 
inscribed in the Gosset polytopes and study the configuration of those polytopes. 
Since we are working along the configuration of lines in del Pezzo surface, the 
centers are chosen in Pic Sr instead of Pic Sr 'Si Q after multiplying proper 
integers. 

4.1 Inscribed 1-degree simplexes in Gosset polytopes 

We observe that for any two distinct lines h and I2 in Sr, we have 
ih - hf = -2 - 2h ■ ih - h) ■ Ks^ - 0. 



15 



And since the metric on Kg is negative definite, I1 — I2 has length-\/2 (1 + Zi • Z2). 
The Une segment joining hnes li and I2 which are two vertices in a Gosset 
polytope in Pic Sr are called an m-degree edge if h ■ h — "m- The 0-degree 
edges are honest edges appearing in the Gosset polytopes. Since the Gosset 
polytopes are convex, any polytope whose vertices is the subset of the vertices 
of the Gosset polytopes is inscribed in them. Here we consider the following 
inscribed polytopes. 

Definition 3 For a Gosset polytope (r — 4)21 of a del Pezzo surface Sr, an 
n-simplex whose vertex set is the subset of the vertex set of (r — 4)21 is called 
an inscribed m-degree n-simplex in (r — 4)21 if each edge of the simplex has 
m-degree, and we denote it by A^^lm) -polytope. 

As the monoidal transform is useful in this article, we want to separate 
inscribed polytopes in (r — 4)21 which are preserved by a blow down from Sr to 
Sr-i- Thus this type of inscribed polytopes can be treated not only in (r — 
4)21 but also in (r — 5)21- 

Definition 4 An inscribed simplex in a Gosset polytope (r — 4)21 of a del Pezzo 
surface Sr is called cornered if there is a line I in Lr where all the lines rep- 
resenting vertices of the simplex are in the vertex figure of I. Otherwise, the 
simplex is called uncornered. 



4.1.1 Inscribed 1-degree 1-simplexes and 2-simplexes 

The centers of inscribed m(< 3)-simplexes in (r — 4)21 are either unique or 
corresponded to the lines for the cornered issues. Thus the configurations of 
inscribed m(< 3)-simplexes in (r — 4)21 are naturally related to the fc-Steiner 
systems along the monoidal transform. 

A. Inscribed 1-degree 1-simplexes 

The center of an A5^(l)-polytope in (r — 4)21 for 3 < r < 8 is the divisor 
class D with D ■ Ks^ — —2 and — 0, which is a ruling. Thus by subsection 
12.21 the set of the centers of A5^(l)-polytopes in (r — 4)21 is bijective to Fr the 
set of rulings in Sr- Furthermore, the configuration of the A5^(l)-polytopes with 
a fixed center D is the set of antipodal pairs of lines in a crosspolytope in 
(r — 4)21 whose center is D. 

B. Inscribed 1-degree 2-simplex 

The 1-degree inscribed 2-simplexes exist when 6 < r < 8. 

The center of each A^iiyYtolyio^^e represents a divisor class D := li + I2 + 
I3 where li,l2 and I3 are lines with li ■ Ij = 1, i ^ j, which satisfies = 
ill + I2 + hf = 3 and D • Ks^ = (^i + ^2 + ^3) • Ks, = -3. 
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(1) Inscribed 1-degree 2-simplex in 22i 

The class —Ks^ is the only divisor class satisfying the above equations for 
the center. Thus, all the A2(l)-polytopes in 22i share one center. In fact, the 
triplets in cubic surfaces given by 1-intersecting 3-lines correspond to ^2(1)" 
polytopes in 221. Thus the configuration of A2(l)-polytope in 221 is given by 
the 3-Steiner system 53(3,56) in section|31 

(2) Inscribed 1-degree 2-simplex in 32i 

For each divisor class D satisfying the above equations for the center, we have 
a new divisor given by Z^'^ := L» + Ks,. This divisor /}7 is a line in Lj because 

{l^^^ ^ ^ {D + Ks,f ^ -I and ifj ■ Ks^ = {D + Ks,) ■ Kg^ = -1. Therefore, 

the set of lines in 6*7 is bijective to the set of centers of A2(l)-polytopes in 32i. 

Suppose h, I2 and I3 are three vertices of an A2(l)-polytope with the center 
D. Then the line ifj = D + Ks-, has 

lo-h^ {h +h+l3 + Ks,) -k^Q for 1 = 1,2, 3. 

Thus li, I2 and are in Nq{Iu, 87), namely, vertex figure of ifj , and the 
simplex ^2(1) is cornered. Furthermore, li, I2 and I3 induce vertices of an 
^2(l)"Polytope in 221 by the blow down map Tr^g^ : 6*7 — > Sq. Therefore, the 

configuration of A2(l)-polytopes with fixed center in 32i equals the 3-Steiner 
system 5^(3, 5*6) in 5*6. 

Remark : The choice of line ifj is natural once we observe its role in the 
following configuration of lines in 32i. Recall each two pair of h, I2 and ^3 in an 
A2(l)-polytope forms a ruling corresponding to a crosspolytope (see subsection 
12.21 or [11]). As the crosspolytopes in 32i has 6-pair of bipolar vertices in it, 
a ruling can be obtained from 6-pair of lines with intersection 1. We choose 
li + I2 for a ruling, then G{1^) and are another bipolar pair of lines in the 
ruling because G{h) + = {-Kg, - h) + {h +l2 + k + Kg,) = h + h- From 

the other two choices of rulings from ^i, I2 and ^3 in the ^2(l)"Polytope, we have 

s • • s • 

similar results containing in common. The line IjJ is the common vertex of 

the crosspolytopes corresponding to the three rulings. Thus h, I2 and ^3 are in 

the vertex figure of . 

(3) Inscribed 1-degree 2-simplex in 42i 

Let Z? be a divisor class representing a center of an j42(l)-polytope in 42 1, 
and we consider a divisor defined hy D + Ksg ■ Then D + Ksg is a skew 2-line 
in Pic Ss because {D + Ks^f = -2 and (D + Ks^) ■ Ks^ = -2. Therefore, the 
set of skew 2- lines in Ss is bijective to the set of centers of an A|(l)-polytope 
in 421. 

Assume /i, I2 and I3 form an ^2(l)"Polytope in 42i where its center is Di = 
h + h + h- Then Di + Ksg is a skew 2-line which can be written as a sum of 
two disjoint lines, namely, Di + Ksg = l^^^ + ll^^ where l]^^ and /^^^ in with 
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l^^^ ■ ll'^^ = 0. Here the choice of l^^^ and is unique since a skew 2-hne is 
given by a unique pair of lines. Furthermore we have 

(;i23 + ;i23) . ^ + ^2 + ^3 + Ks,) -1^ = for i = 1, 2, 3. 

If /123 . = _ 1 and ^123 . = 1, then /123 = and 1 = ?i23 . ^ ;123 . ;123 ^ q 
which is a contradiction. Thus we obtain that l^^^ ■ k = ll^^ -h = for i = 1, 2, 3, 
and moreover li, I2 and are in the vertex figures of 1]^^^ and ■ Here the 
simplex is cornered. Since the skew 2-line + l^"^^ induce a blow down map 
from 5*8 to 5*6, and it sends the A2(l)-polytope in A21 given by Zi, I2 and to 
an A2(l)-polytope in 221. Thus the configuration of the A2(l)-polytopes in 
421 with fixed center equals to the 3-Steiner system 5^(3, Sg) in Sg. 

The configuration of inscribe 1-degree 2-simplexes are summarized as follows. 

Theorem 5 The 3-Steiner system SB{S,Se) in Sq determines the configura- 
tion of A\{l)-polytopes in 42i with a fixed center, the configuration 0/^2(1)- 
polytopes in 32i with fixed center and the configuration of A2{l)-polytopes in 

221- 



4.1.2 Inscribed 1-degree 3-simplexes 

The 1-degree inscribed 3-simplexes, A3(l)-polytopes, exist when r = 7,8. The 
center of each A3(l)-polytope in (r — 4)21 represents a divisor class D := li + 
I2 + I3 + where W, 12,1-3 and li lines with U ■ Ij = 1 i ^ j, which satisfies 
= {h +l2+h + hf = 8 and £> • Kg,. = {h + l2 + h + h) ■ Ks, = -4. 

A. Inscribed 1-degree 3-simplex in 32i 

By Hodge index theorem, —2Ks7 is the only divisor class satisfying equations 
for the center of A3(l)-polytopes in 32i. Thus all A3(l)-polytopes for r = 
7 share a common center —2Kst Furthermore, since A3(l)-polytopes in 32i 
corresponds to 4-Steiner blocks in 5*7, the configuration of yl3(l)-polytopes in 
321 equals the 4-Steiner 5c (4, 6*7) on Sj in the section [3l 

B. Inscribed 1-degree 3-simplex in 32i 

Each divisor class D in Pic Ss satisfying above equations for center can be 
can be transformed to an exceptional system D + Ks^^ because {D + Ksg)'^ = 1 
and {D + Ks^) ■ Ks^ = — 3. According to the subsection 12.21 D + Ks^ can be 
in one of two orbits which correspond to the set of roots and the set of skew 
8-lines in Pic Sg. If {li -f- ^2 + '3 + ^4) + is corresponded to a root, there is 
a root d such that {h + /2 + '3 + ^4) + Ks^^ = —SKs^ + 2d from the subsection 
O (l)We consider 

{li + I2 + I3 + k) = {{h - ei - 62) + {h~e3- 64) + {h ~ - eg) + (h - Cj - Cs)) 
= h-Ks,. 
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And {h — Ksfi) + 4:Ksfi = h + 3Ks^ cannot be 2d for any root d. (2) However 
if we choose four lines 

^ ' \ +(3/l - ei - 62 - 63 - 64 - 65 - ee - 267) ) 

= -2Ks, + 268, 

then we have {—2Ksg + 2es) + 4^58 = '^{^Ss + ^s) where {Ksg + eg) is a root. 

Therefore, the center (^i + ^2 + ^3 + ^4) can be corresponded to an element 
in the set of skew 8- lines in Ss or the set of roots in Ss- Furthermore, by 
Es action, the set of centers of A|(l)-polytopes in 42i is bijective to the set of 
exceptional systems on Ss which is the union of the two sets which are bijectively 
corresponded to the set of skew 8-lines and the set of roots in Ss- 

(1) Cornered inscribed 1-degree 3-simplex in 42i 

Before we describe the configurations of A3(l)-polytopes in 42i, we need to 
find a better way to separate the ^43(1)— polytopes in 42i into the above two 
different sets. Here we consider the condition cornered. If an -poly tope in 
421 is cornered, there is a line I where all the lines in an A3(l)-polytope are 
in the vertex figure of I. Since lines of Ss correspond to roots of Ss, the line 
I whose vertex figure containing the cornered A3(l)-polytope gives a root l+Ksg. 
And this roughly implies that cornered ^3(l)-polytopes in 42 1 correspond to the 
roots of 5*8. In fact, we can explain explicitly the correspondence in the following 
proposition. 

Proposition 6 Let D be a center of an A^{1) -poly tope in 42i. The divisor 
class D corresponds to a root d of Ss as D + AKs = 2d if and only if the 

A^{l)-polytope is cornered. 

Proof : Suppose D gives a root dhy D + 4:Ks = 2d. Then we can define a 
line I := d—Ksg = D/2 + Ksi^. For each line /' of the ^|(l)-polytope in 42i with 

center D, we have V -l = 1' ■ {D/2 + Ksf^) = 0. Therefore, all the lines consisting 
of the A3(l)-polytope are in the vertex figure of /, and the A3(l)-polytope is 
cornered. 

Assume the ^3(l)-polytope is cornered, then there is a line I where each 
lines in the y4.|(l)-polytope is in the vertex figure of I. Furthermore, the divisor 
class D and the line / are related by D = 2/ — 2Ksg. This relation can be verified 
by checking (21 - 2Ks^ -Df = Q and {21 - 2Ks^ -D)-Ks^=Q with D-l = Q. 
Now the divisor d given by I + Ks^^ satisfies 

2d = 2{l + Ks,) = {21 - 2Ks,) + AKs, =D + AKs. 



Remark : The cornered condition in the proposition is determined by the 
center of the simplex rather than the set of vertices. Therefore, all the ^3(1)— 
polytopes in 42i with the center D corresponds to a root d of Sr are cornered. 
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Corollary 7 For a cornered A^{l)-polytope in A21 given by lines h^h^h (^n-d 
^4, the line I in the proposition is written as 

, J. , (^1+^2 + ^3 + ^4) 
« = H ^ , 

and I is the only line in Ls where its vertex figure contains 11^12, h and l^. 

Proof: The expression of / is from the proposition [Bl and we only need 
to prove the uniqueness of line I. Assume la is another line in Lg where 
{/i, I2, h, li} C No{la^ Ss)- By checking the possible intersection / • la, we show 
that I = la- 

The intersection la ■ I is not zero because two skew lines la and / produce a 
blow down from 5*8 to which induces an inscribed 1-degree 3-simplex in 221. 
li la-l = 1, /a + ' is a ruling on Ss where the lines h^h, h and are the vertices 
of the 7-crosspolytope in 42i corresponding to la + 1 (see subsection l2.2l) . But a 
line in a 7-crosspolytope has only one other line in the 7-crosspolytope with 1- 
intersection. Thus la-l 1. IHa-l —2, by theorem[2] la + l + Ks^^ gives another 
line If, such that li ■ l^ — li - {la + l + Ksg) — —1 for i = 1,2, 3, 4. Thus k = lb for 
i = 1,2,3,4 and this is a contradiction. Therefore la ■ I 2. li la ■ I =3, 
then la — B{1) ~ ~2Ksg — I- But since li ■ I = 0, we have a contradiction 
that la-h = i-2Kss ~ I) ■ h ^ 2. At last, la-l 7^ 3. By subsection ESI the 
intersection of two lines in Lg is no bigger than 3. Thus from above, la ■ I must 
be -1. Thus I = la- 



As in subsection 12.21 because the set of the centers of the cornered ^1(1)- 
polytopes in 42i leads us to the set of roots in ^g, we expect the set of the centers 
of the uncornered A3(l)-polytopes in 42i corresponds to the set of skew 8-lines 
in Pic Sg. The proof of the following corollary is similar to the proposition [51 
and we leave it to the readers. 

Corollary 8 Let D be a center of an A^{1) -poly tope in 42i. The divisor class 
D corresponds to a skew 8-lines Di in L\ as 3D + 4:Ksg ~ Di if and only if the 
A^[l)-polytope is uncornered. 

Remark : This corollary implies that all the yl3(l)-polytopes in 42i with 
the center D corresponds to a skew 8-line, namely a 7-simplex, are uncornered. 

From above corollary [7l we can obtain the following important proposition. 

Proposition 9 Let li, 1 < i < 5, be lines in ig such that li ■ Ij ^ 1 for i ^ j ■ 
If h, h, I3 an-d 1^ form a cornered A^(l)-polytope in A21, another A^{l)-polytope 
given by li,l2,h and I5 is uncornered. 

Proof: Let I be the line where Ii,l2,l3 and I4 are in the vertex figure of I. 
By corollary [71 I is Ksg + h±h±k±l±_ Nqw we assume the A3(l)-polytope given 
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by h,l2,h and I5 is cornered. Then there is a line /' given by Ks^^ + ii+Mia+k. 
We consider 

Since the intersection must be an integer, this is a contradiction to the assump- 
tion. This gives the proposition. 
■ 

Now the configuration of cornered A|(l)-polytopes in 42i is as follows. 

Let -D be a center of a cornered A3(l)-polytope in A21. Then we get a line 
I = D/2 + Ksg where the simplex is in the vertex figure of I. By a blow down 
map nf : 5*8 S'y given by I, the simplex in A-zi induce an A3(l)-polytope in 821, 
which is a 4-Steiner block in Sc{4:,Sr) on Sr. Therefore, the configuration of 
cornered A3(l)-polytopes in 42i with a fixed center equals the 4-Steiner system 
in 5c (4, 57) on ^7. 

By combining this and the result in from the case r = 7 of A3(l)-polytopes, 
we have the following theorem. 

Theorem 10 Both the configuration of cornered A^{1) -poly topes in A21 with a 
fixed center and the configuration of Al{l) -poly topes in 821 equal the A-Steiner 
system in <Sc(4, 5*7) on Sr 

(2) Uncornered inscribed 1-degree 3-simplex in 42i 
Recall that for each center of A2(l)-polytopes in 42igives a skew 2-line which 
corresponds an edge in 42i. Since a skew 2- line is given by a unique pair of 
lines, the center also determine two disjoint lines. By using this fact, we have 
the following facts for the configuration of uncornered A3(l)-polytopes in 42i. 

Definition 11 Tiuo edges Di and D2, namely, skew 2-lines, in [r — 4)21 of a 
del Pezzo surface Sr are called skew edges if they are two disjoint edges in a 
(0-degree) 2-simplex, equivalent, two disjoint edges with Di- D2 = 0. 



Proposition 12 Let D be a center of an A^{l)-polytope m42i. If the inscribed 
simplex whose center D is uncornered, 4-lines in the inscribed simplex induce 
A-skew edges in a 7 -simplex in 42i whose center is 3D + AKsg ■ 

Proof: Let h, I2, I3 and I4 be four lines in the ^3(l)-polytope in 42i with 

center D = h+h + h + h- There are four A2(l)-polytopes in 42 1 given by each 
three choice from {Zi, I2, 13, h}. For example, we consider an A2(l)-polytope in 
421 given by li, I2 and ^3 with the center li +I2 -I-/3. Then there is a skew 2-lines 
^123 ^ ^123 gi^gjj ^ ^2 + /3 + Ksg = ll^^ + , and h, h and h are in the 
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vertex figures of Z;^" and l}^^'^. But • ^ > 1 for i = a, 6 because the 3-simplex 
is uncornered. Furthermore, we have l}^^ • = 1 for i = a,b since 

Thus from the hnes li, I2 and which form an A2(l)-polytope in the uncornered 
A3(l)-polytope in 42i, we have two disjoint lines and ll"^^ such that 

■ /123 = and h ■ = 1 for i 1, 2, 3 and i = a,b. 

By performing this process, we have four pair of edges Z^™" + for Imn <E 
S =: {123, 124, 134, 234} in A21. Here ah the eight lines Z^"" must be distinct 
because of their intersections to h, I2, I3 and I4. Therefore, we have four disjoint 
edges in 42i. Furthermore, we observe 

(/234 ^ ;234) . (;134 ^ ^134) ^ + k + U + Ks,)- {h + h + k + Kg J = 

and conclude the four disjoint edges are skew edges to each other. This implies 
the distinct eight lines Z'™" have 0-intersection to each other. Therefore, they 
are the vertices of a 7-simplex in 42i. Moreover, the center Di of the 7-simplex 
is 

4 

Di^ J2 (e" + r") = 3^?,+4i^ss. 

Imn (ES J — 1 

This completes the proposition. ■ 

Remark: This proposition shows how to identify the skew 8-lines in the 
corollary [H 

As the converse of above proposition, we have the following theorem. 

Theorem 13 Let Di be a center of a 7-simplex in 42i. For each A-skew edges 
in a 7-simplex in A21, there is an A^{l)-polytope in ^21, which is uncornered. 
Moreover, each edge in the set give a line in the inscribed simplex. 

Proof: Let ai, 02, 03 and 04 are 4-skew edges in a 7-simplex in 42i whose 
center is ai + 02 + 03 + 04 = Di. We denote ai — I] + /| for i = 1, 2, 3, 4 where 
I], If in Lq. Since we have skew edges, If's are distinct 8-lines which form the 
7-simplex with center Di . By corollary |S1 the center of 7-simplex with center 
Di gives the center D of an A3(l)-polytope in 42iby 3-D -f 4:Ksg = Di. Thus 
(Di — 4:Ksg) /3 is an integral class in Pic Ss, and we can define a class la^ in 
Pic Ss for tti as 

la, :=^:^^l^^-a, for* = l,2,3,4. 

The classes /q. 's are lines because la^ ■ Ksg — —1 and = —1. Furthermore, 
we have la^ ■ laj — I -\- ai ■ aj = I for i ^ j and 

lai + la2 + las + lai = — ^ — ^ (oi +0-2+ ^3 + 04) = D. 
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Therefore, Za^'s are four vertiees of an uneornered j43(l)-polytope in A21 with 
the center D. This gives theorem. ■ 

By above proposition and theorem, we have the following configuration of 
uneornered >l3(l)-polytopes in 42i. 

Theorem 14 Let D be the center of an uneornered A^{l)-polytope in A21 and 
Di be the corresponding skew 8-lines in 42i. The configuration of the A^{1)- 
polytopes in 42i equal the family of the subset consisting of A-skew edges in the 

1 - simplex with center Di in 42i . 

(3) Construction of cornered A3(l)-polytopes from ^2(l)"Polytopes 
in 421 

Recall that each yl2(l)-polytope in 42i is corresponded to a skew 2-lines, and 
the lines consisting tlic 2-simplex are in the vertex figure of each lines in the skew 

2- lines. For example, we have three lines li, I2 and ^3 making an j42(l)-polytope, 
and ll^^+ll'^^ is the corresponding skew 2-lines with h+h+h+Ksg = l^^^+lj,'^^. 
Since li, I2 and Z3 are in the vertex figure of Z^^'', the A|(l)-polytope given by 
li, I2 and /acan be extended to exactly one cornered ^|(l)-polytope in the 
vertex figure of l^^. Similarly, we can obtain a unique cornered A3(l)-polytope 
containing /i, I2 and l^ in the vertex figure of l^"^^ ■ Therefrom, we study the 
relationship between above 2-simplex and the corresponding skew 2-lines along 
the configuration of cornered A3(l)-polytopes. 

One of the important feature of a cornered j43(l)-polytope, there is a line 
whose vertex figure contains the 3-simplex. For a line in Lg and the vertex 
figure, we consider the blow down map 7rf : Sg ^ Sr and observe that the 
Gieser transform can be defined on each vertex figure in 42i. This gives the 
following definition. 

Definition 15 Let I be a line in Lg and I' be a line in the vertex figure of I. 
The line Gi{l') defined as 

Giil') := (G {nlil'))) = -{Ks, -I)- I', 

is called the Gieser transform of I' for I in 42i. 

Remark: (1) It is easy to see that Gi{l') is in the vertex figure of I, and the 
definition implies Gi{l') ■ I' = 2. 

(2) Because I ■ V = 0, we have two roots ± — I') , and one of the root 
I — I' determines the line Gi{l') as 

Gi{l') = -Ks, + {l-l'). 
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and the other root determine a hne Gi'{l). 

The Gieser transform of I' for I in 42i and the Bertini transform B on 42i are 
related as follows. 

Lemma 16 Let I and I' be lines in Lg, with I ■ I' ^ 0. Then we have (1) 
Gi[l') = B[Gv{l)) and (2) B{1') = GG,(v)il). 

Proof: (1) Observe G/(/') + Gv{l) = -2Ks^. Thus Gi{l') = ~2Ks^ - 
Gv{l) = B{Gv{l)). 

(2) Set Gi.{l) = [. Then Gv(i) - Gi.{Gv{l)) = I. Thus by (1), Gj{V) = 
B{Gv{l)) can be written as Gg,(v){1) = B{1'). 



The role of the Gieser transform in A21 on an ^2(l)"Polytope in 42i is ex- 
plained in the following lemma. 

Lemma 17 Let li, I2 and I3, be three lines in Lg giving an A2{l)-polytope in 
4:21 ,and l^^^ + ll^^ is the corresponding skew 2-lines. 

(1) The line 0(123 (Z^^S) written as Giit^HI"^^) := 2{ll^^-Ks^) - 
D where D = {I1+I2 + I3). 

(2) li, l2,ly, and G 1123(11^^) (resp. G 1123(1^'^)) form a cornered A\[l)-polytope 
in the vertex figure of l}^^^ (resp. l\^^)- 

(3) 0/123 (^^^■^) and Gii23(l^^) are transformed to each other by the Bertini 
transform B. 

Proof: (1) It is directly given by {h +I2 + h) + Ks, = l^^^ + ll'^^. 

(2) We just need to check k ■ G/i23(/i23) ^ . (^-Kss + 1]!^^ - ir^) = 1 for 
i=l,2,3. 

(3) This is given by lemma [TBI 
■ 

Remark : The definition of G;i23(Z^^'^) can be understood another way. As 
we consider the center of ^2(l)"Polytope {li + ^2 + ^3), if hne l^^'^ is a line in Lg 
whose vertex figure contains h, I2 and I3, then we can obtain a line I' given as 

Z' = 2(Zi23_Xs3) -(^i+^z + Za). 
And from the above lemma-(l), G/i23(^J^'^) is I'. 

Now, we consider a cornered ^3(l)-polytope in 42i where its vertices li, I2, 
I3 and I4 are in the vertex figure of a line I . From above lemme tTTl we have 

h + h + k + Ks, ^l + Giih). 

Similarly, for each three lines {^i, ^2j ^3, ^4}\{^i}; * = lj2,3,4, we get the corre- 
sponding 2-skew lines l + Gi{li). Here we have another cornered A3(l)-polytope 
in Nq{1,S8) given by {G/(Zi), G/(/2), 0/(^3), G/(/4)}. This gives the following 
Theorem. 
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Theorem 18 Let li, I2, I3 and I4 be lines in Lg which form an A^{l)-polytope 
in 421 where it is in the vertex figure of a line I . Then Gi [li), Gi (I2), Gi^l^) and 
Gi{li) form an A\{1)- poly tope in ^21- 

Remark: The A|(l)-polytope given by {Gi {h) ,Gi {h) ,Gi{h),Gi{U)} is 
called the Gieser dual of the A|(l)-polytope given by {^1,^2, '3, li}- 



4.2 Inscribed 1-degree 4, 5, 6 and 7-simplexes in A21 

In 421, 1-degree inscribed m-simplexes, A^(l)-polytopes, exist for m < 7. 

The center of each Af„(l)-polytope represents a divisor li + ... + Im+i where 
Zi,...,Zm+i lines with li ■ Ij — 1, i ^ j, which satisfies (Zi + ... + Z„,+i) = 
(m + 1)^ — 2 (m + 1) and (li + ... + Im+i) ■ KSr — — {jn + 1). In particular, for 
r = 8, lines I in Lg corresponds to roots l+Ks^^ and the divisor class li-\-...-\-lm+i 
is transformed to a divisor class Di :— {{li + Ks&) + ■■■ + Q-m+i + Ks^)) with 
Dl = -2 (m + 1) and Di ■ Ks, = 0. Since (k + Ks,) ■ [Ij + KsJ) = h ■ Ij ~ 1, Di 
is a sum of perpendicular roots. Because the space of roots in Pic Ss is 8- 
dimensional, the maximal number of m is 7. Since cases with m < 3 are 
discussed the above, m = 4, 5, 6 and 7 are the remained cases. 

According to chapter 4- 2 , the set of divisor D with with ~ — 2 (m + 1) 
and D ■ Kgg = corresponds to the set of vectors with norm 2 (m + 1) in Eg- 
lattices. Here, each set of centers of A^(l)-polytopes 4 < m < 7 in 42i is a 
subset of the set of vectors with norm 10, 12, 14 and 16 in iJg-lattice, respectively, 
and the numbers of the sets of vectors with norm 10, 12, 14 and 16 in ii^g-lattice 
are 30240, 60480, 82560 and 140400, respectively. Moreover, each set of vertices 
with norm 10 and 12 which contains divisors h + ... + Im+i + (^^ + ^)Ksg for 
m = 4, 5 are transitively acted by the Weyl group W{Ss) (chapter 4-[2_). Since 
there is only one orbit of Es action on each set of vectors with norm 10 and 12, 
the numbers of the centers of A4(l)-polytopes and yl|(l)-polytopes are 30240 
and 60480, respectively. Here we note the number of skew 3-lines in 5*8 is also 
60480. 



4.2.1 Rulings and inscribed 1-degree 4-simplexes 

As the inscribed 1-degree 4-simplexes, A4(l)-polytopes exist only for r = 8, 
there is no line whose vertex figure contains an yl4(l)-polytope. Thus every ^1(1)- 
polytope is uncornered. By adding a proper line to a cornered A3(l)-polytope, 
we can obtain an A4(l)-polytope. But the choice of new line is too arbitrary 
to describe the configuration of vl4(l)-polytopes. Thus we begin with ^4(1)- 
polytopes constructed from uncornered A3(l)-polytopes in 42 1. This leads us 
the configuration of A4(l)-polytopes in 42i. 
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Let ^1, 12, 13 and I4 be lines in Lg which form an uncornered ^3(l)-polytope in 
421 • We consider the skew 2-hnes l^^^ + ll^^ corresponding to ^1+^2 + ^3, namely, 
h + h + h + Kss = li^^ + ll^^- By lemma [T71 we have a cornered A|(l)-polytope 
in 421 given by {Zi, /2, ^3, G;i23 (Z^^^)}. In fact we obtain an A4(l)-polytope in 
421 as follows. 

Theorem 19 Suppose li, I2, I3 and I4, lines in ig give an uncornered ^3(1)- 
polytope in A21, and l^^^ + ll^^ is the skew 2 -lines corresponding to h + h + h- 
The five lines li, I2, l^^Givizil^^^) and I4 form an Af(l)-polytope in ^21- 

Proof: We only need to check G;i23(/J^'^) • = 1, and we need to get 
l]^^ ■ U and ll'^^ ■ U at the first hand. 

We consider another skew 2 -lines ^a^'^ + ^b^'* given by h+h+h+Ksg — 11"^^ + 
ll^"^. Since the 3-simplex is uncornered, by theorem[T3lL and la + l/i are skew 
edges. Thus we have l^^^ ■ ijl'^^ + ll"^^) = ll^^ ■ {l^^^ + ll^-^) = 0. Furthermore, 
^a^^ ■ h — i because 

- ir ■ + in = e • ih +h+k+ = ii'' -k-i, 

and the same reason Z^^^ • = 1. 
Now, we have 

Gii23{ll'^^) ■ I4 = {-Kss + ll^^ - ll^^) • /4 = 1, 

and {^1, 12, h, G';i23 (Z^^^), ^4} gives an inscribed 1-degree 4-simplex in 42i. 
■ 

Remark : This theorem implies that any line I where {li, I2, 13, 1} gives an 
inscribed uncornered 1-degree 3-simplex in 42i, Gii23[l\^^)-l = Gii23[l]^^)-l = 1. 

In the theoremfTOl the A|(l)-polytope in 42i given by {^1,^2, ^3, G;i23 (/J^'^), I4} contains 
a cornered A|(l)-polytope consisting of {^1,^2, ^3, G;i23 (/J^'^)}. In fact this is the 
only possible 1-degree 3-simplex in the 4-simplex because of the proposition [HI 
It turns out this is true for all the A4(l)-polytopes in 42i as follows. 

Theorem 20 Let {Zi 1 < « < 5} he the set of lines in Lg giving an ^4(1)- 
polytope in 42i. There is a unique subset of {h 1 < i < 5} which gives a 
cornered A^(l) -polytope. 

Proof: (Existence) Suppose all the A3(l)-polytopes in {li 1 < i < 5} are 
uncornered. Then we consider an A2(l)-polytope given by {^1,^2, ^3} and the 
corresponding skew 2-lines /^^'^ -I- ll^^. By lemma flTl and the remark of the the- 
orem[Tni we have G;i23(Z^^^) • I4 — Gii23(/J^'^) • ^5 = 1 because {/i, ^2, ^3, '4} and 
{li, hih, h} are uncornered A3(l)-polytopes. Thus {/i, I2, 13, 14, h, G;i23(Z^^^)} gives 
an A5(l)-polytope in 42i. Similarly, for a skew 2-lines la'^'^+ll'^'^ corresponding to 
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the inscribed 1-degree 2-simplex of {li,l2,h}: we obtain another yl5(l)-polytope 
{Zi, Z2, ^3, ^4, ^5, Gii24(Z^^^)} in 421. Furthermore, we observe that G';i23(Z^^^) • 
G;i24(Z^^^) = 1 verified as 

Gi^Min ■ GiiAin - {~Ks, + - in ■ {-ks, + e - in - 1- 

Here l^^^ ■ If^ = Zf^ . ^124 ^ ^123 . ;i24 ^ ^123 . ^i24 ^ q because ll^^ + ^i^a and 
l^'^ + Z^^^ are two skew edges given from {^i, Z2, '3, ^4} by the proposition [T^ 
Thus any three lines from {li, I2, 13, 14} gives a line so that the 

{li, hJa, U, h, Giv23{ll'^^), Gii2i{ll'^^),Gii3i{ll^^), Gi23i{ll^'^)} 

makes an A|(l)-polytope in 42i. But this 8-simplex in 42i may not exist in 
421- Thus we conclude that there exists a subset in {Z^ 1 < i < 5} which gives 
an A3(l)-polytope. 

(Uniqueness) Assume {/i, Z2, ^3, Ia] is a cornered A3(l)-polytope from {U 1 < 
i < 5}. There are four other possible choices of A3(l)-polytopes in {Z^ 1 < i < 5} 
which are obtained by replacing one of the lines in {Zi, I2, 13, h} by I5. But by 
proposition |9l none of these four 3-simplexes can be cornered. Thus there is 
only one cornered yl3(l)-polytope from {h I < i < 5}. 
■ 

Recall the number of center of A4(l)-polytopes in 42i is 30240. We can 
observe this number equals to the number of ordered pairs of lines in Lg with 
1-intersection, namely, \Ls\ |A^i(/,S'8)| = 240 x 126 = 240 x (5^ + l^). In the 
following theorem, we show that the coincidence of these two number leads us 
the configuration of A4(l)-polytopes in 42i. 

Theorem 21 Let D be a center of an Al^{l)-polytope in 42i. There is unique 
line if^ in and the center Ajj of an cornered A^(l)-polytope such that D = 
Ad + Id^- Furth ermore, the set of the centers of A^{1) -polytope in A21 is bijective 
to the following set fg defined as 

h ■■= {(luh) I ^1,^2 e Lg with h-l2 = 1}. 

Proof: From the above theorem [20l each center D of A4(l)-polytopes in 
421 can be written as the sum of a center Ai of a cornered A|(l)-polytope and a 
line li in Lg. Suppose A2 and I2 are another center of a cornered A|(l)-polytope 
and a line in Lg with D Ai + h ^ A2 + h, (^1, ^1) 7^ (^2, '2)- 

Since Ai is the center of a cornered -poly tope, there is a line I where 
its vertex figure contains the 3-simplex. Thus Ai - l = Q, and D ■ I = 1 because 
h • I — h ■ {Ksg + ^) = 1. This implies that / • yl2 + ^ • ^2 = 1, and we consider 
the following cases for I ■ l2- Since h- A2> —1, we only consider —1 < Z • Z2 < 2. 

(a) If I ■ I2 = —1, then I ■ A2 = 2. Since I = I2, we have ^2 • ^2 = ^ • ^2 = 2. 
But by the definition of the A4(l)-polytope, I2 ■ A2 must be 4. Thus I ■ I2 —1. 
(b) If Z • ^2 = 0, then I ■ A2 = 1. Here / can not be in B the set of the lines giving 
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the cornered A3(l)-polytope with center A2, because in this case I- Ai must be 
2 instead of 1 by the definition of the A4(l)-polytope. Now since I is not in B, 
I intersects positively with only one line Ib in -B, and the other lines in B are 
in the vertex figure of /. Furthermore, B\\Ib] and l-i form an A|(l)-polytope 
which is cornered by the line I. But by theorem I20[ this A3(l)-polytope can not 
be cornered. Thus 7^ 0. (c) If / • ^2 = 1, then I- Ai =0. Again, / is not one of 
the line in B, and thus I has 0-intersection to each line in B. This implies that 
I and Ai are corresponded by corollary [T] Therefore, we have A\ = A2 with is 
a contradiction. Thus / • 7^ 1. (d) If / • Z2 = 2, then I - A2 = —1. Here I must be 
one of the line in B. But in that case Z • ^2 = 2 instead of —1. Thus I -li ^ —1. 

From above cases, we conclude the choice of center Ai and a line li for 
D = Ai + li is unique. 

By coroUarjl?! we get a line V from the center ^1, and V has V -li — 1. Thus 
the ordered pair (l',li) in Fg. Obviously, each pair of lines in Fg gives a center 
of an ^4(l)-polytope in Aii- 

Thus we have theorem. 



By the above theorem, we have the following theorem for configuration of 
^4(l)-polytopes in 42i 

Theorem 22 Suppose D is a center of an A^{l)-polytope in Aii- All the ^4(1)- 
polytopes with center D in A21 share a common line I, and D — I is the common 
center for the unique cornered A^(l)-polytope in each A^{l)-polytope. 



4.2.2 Skew 3-lines and inscribed 1-degree 5-simplexes 

Recall that the number of center of inscribed 1-degree 5-simplexes, ^1(1)- 
polytopes in 42i equals to the number of skew 3-lines in 42i where each skew 
3-lines can be written as the sum of unique three lines in ig. While the ^4.1(1)- 
polytopes do not imply the uniqueness issues directly, the uniqueness appearing 
in the skew 3-lines leads us the following lemma, and therefrom, we get the 
configuration of A|(l)-polytopes in 42i. 

Lemma 23 For each six lines in Lg consisting of an inscribed 1-degree 5- 
simplex in A21, there exist three cornered A^{l)-polytope in it, and the choice is 
unique. Furthermore, the given six lines can be labelled as U 1 < i < 6 where 
{li,l2,h,h},{h, 12,15,15} and {1^,14, 1^,Iq} are the cornered A\{l)-polytopes. 

Proof : Recall that for each five lines from the given six lines, there exists 
an cornered A3(l)-polytope by the theorem [20l We choose four lines from the 
six lines which give a cornered A3(l)-polytope, and label them as li,l2, h and I4. 
By the proposition |9l the lines from another cornered A3(l)-polytope and 
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{'i, ^2, '4} share 1 or 2 lines. Since there are only six lines, they share 2- 
lines, and we can relabel six lines so that {/i, I2, h, h} and {h, I2, h, 'e} produce 
cornered -poly topes. By applying theorem and the proposition [HI to 

each {lij2j3,Uj5,l6}\{h} 1 < i < 6, we deduce that there is one more cor- 
nered A3(l)-polytope given by {hyUjhJe} which also share two lines with 
{^11^2)^3,^4} and {^1, ^2, ^5, ^e}- This gives the lemma. 
■ 

Remark: According to the lemmjSSl each set A of six lines in ig consisting 
of an A|(l)-polytope in A21, there are unique three disjoint subsets Ai i = 
1, 2, 3 of A consisting of two lines such that each A — Ai i = 1,2,3 produces a 
cornered A|(l)-polytope. 

Theorem 24 Let D be the center of an A^{l)-polytope in 42i. The center D is 
corresponded to a skew 3-lines la + h + lc by D + 3Ksg = la + h + lc- Furthermore, 
each A^{l)-polytope in A21 with center D has three uniquely determined cornered 
A^[l)-polytopes where they are in the vertex figure of la, h o,nd Ic respectively. 

Proof : Since the center D satisfying — 24, D ■ Ksg — —6, the new 
divisor class D + SKs^ also satisfies {D + 3Ksg) = —3,{D + SKs^) ■ Ksg = —3, 
and it is a skew 3-line. Since a skew 3-line is the sum of unique three disjoint 
lines, we have D + 3Ksg = + 4 + where la, h and Ic are disjoint lines in Lg. 

On the other hand, by above lemma we label the given six lines as 
li 1 < i < 6 so that {^i, ^2, ^3, '4},{^i, ^2, '5, ^e} and {^3,^,^5,^5} are cornered 
A3(l)-polytopes. By corollary [3 these cornered A3(l)-polytopes produce lines 
I"', l^ and in ig. Here, the intersection 1°- ■ l^ is 



and similarly 1°', l^ and l'^ are disjoint each other. Furthermore, we have 



Thus r, l^ and l" form the skew 3-line la + k + Ic, and therefore {1°-, l^, l"} = 
{Za,ib,/c}- This gives the theorem. 



4.2.3 Fano planes and inscribed 1-degree 6-simplexes 

The set of center of inscribed 1-degree 6-simplexes, ^g(l)-polytopes in 42i is 
a subset of the set of vectors with norm 14 in _Eg-lattice which has more than 
one i?g-orbit. But we figure out that the configuration of Ag(l)-polytopes in 




I'^ + l^ 



+ r = {h + l2 + h + li + h + k) + 5Ks, 

= D + 3Ksg ^la + lb + Ic- 
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421 is somewhat similar to that of A5(l)-polytopes. Here each center of ^1(1)" 
polytope gives a skew 7-lines in A21 where the choice of hnes in it is unique, and 
the uniqueness is the key to study the configuration of ^g(l)-polytopes in ^21- 

Lemma 25 For each seven lines in Lg consisting of an Aq{1) -polytope in A21, 
there exist seven cornered A^(l)-polytopes in it, and the choice is unique. Fur- 
thermore, the given seven lines can be labelled as U I < i < 7 where 

{h,l2,h,h},{h,l2,l5j6},{h,U,l5,l6}, 
{hja, h, h}, {h, h, h, h}, {^1, ^4, k, h} 
and {l2,h, 16,17} 
are the cornered A2{1) -polytopes. 

Proof : We choose six hnes from the given seven hnes. By applying 
the lemma [531 on the six lines, we can label them as 1 < i < 6 where 
{li, h^h, I4}, {h^h, h^le} and {I3, 14, /s, Ze} are the three cornered A3(l)-polytopes 
in it. Thus the remained one line is denoted by 1^. 

Now, we consider another set of six lines {li, I2, h, h, h, h}- By lemma [231 
and proposition [HI {^1,^3, '5, ^7}, {'1, h, h, h}, {h, k, kJr} and {^2, ^3, '5, ^7} are 
possible subsets of cornered A3(l)-polytopes in addition to one given by {li, I2, 13, h}- 
Here, we observe that even if we exchange li (resp. I3) with I2 (resp. I4), the 
3-simplexes from {^i, ^2, ^3, '4, ^5, 'e} do not change. Thus, after relabelling if it 
is necessary, we can set {li, I3, /s. If} and {I2, h, h, I7} give new cornered 
polytopes. Next, we consider another set of six lines ^2, '3, ^67 ^7}- Here, 
by lemma and proposition [HI {h, I4, le, I7} and {^2, '3, ^61 '7} are the only pos- 
sible subsets of cornered A3(l)-polytopes from {li, I2, 13, h, Iq, h}- And one can 
check there is no more cornered A3(l)-polytope from the other choices of six 
lines from {^i 1 < « < 7 }. 

By the above algorithm, we show that each seven lines in Lg consisting of 
an Ag(l)-polytope in 42i has seven cornered A3(l)-polytopes and the choice is 
unique. This gives the lemma. 
■ 

By applying the argument in theorem [531 and the lemma [531 to the center of 
an Ag(l)-polytope in 42 1, we obtain the following theorem. We leave the detail 
to readers. 

Theorem 26 Let D be the center of an Aq{1) -polytope in 42i. The center D is 
corresponded to a skew 7-lines ki by 2D + 7Ksg — ki ■ Furthermore, 

each Aq{1) -polytope in A21 with center D has seven uniquely determined cornered 
A^{1) -polytopes where they are in the vertex figure of la^ 1 < * < 7 respectively. 

In the lemma 1251 we observe that when we have four lines for a cornered 
yl3(l)-polytope, the remain three lines in the Ag(l)-polytope give an ^1(1)- 
polytope which is not contained in any cornered A|(l)-polytope in the 6-simplex. 
The converse is also true by the following proposition. 
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Proposition 27 For seven lines in Lg consisting an AQ{l)-polytope in A21, if 
three lines in the 6 -simplex form an A2{l)-polytope which is not contained in 
any cornered A^{1) -polytope in the 6-simplex, the remain four lines in the 7- 
simplex give a cornered A^{1) -polytope. 

Proof : Let 1 < i < 7 be the given seven lines in Lg consisting an 
polytope in 42i. Suppose {Isjle^h} gives an A2(l)-polytope which is not con- 
tained in any cornered A3(l)-polytope, we want to show that {h, I2, 13, h} gives 
an cornered A3(l)-polytope by following the algorithm in the lemma [25l 

First, we claim that the intersection between the subset of lines producing 
a cornered A|(l)-polytope and {^5,^67 ^7} niust has two or no lines. By the 
assumption, the intersection can not be three lines. Furthermore, if it is a line, 
the union of the lines for a cornered A3(l)-polytope and {15,16,17} must be set 
of six lines and have a cornered A3(l)-polytope containing {I5, Iq, Z7} by lemma 

US 

We consider a subset {^i 2 < i < 7} of the given seven lines. From the above 
claim, here are three cornered A3(l)-polytopes and each of them contains two 
lines from {I5, Iq, Ij}. Thus a cornered A3(l)-polytope in {/i 2 < i < 7} consists 
of two lines from {^2, '3, ^4} and two lines from Iq, I7}. Without losing gener- 
ality, we assume the cornered A|(l)-polytope is given by {I2, h, h, h}- Now, we 
consider {hi <i < 6}. Since {I2, 13, 15, le} produces a cornered A3(l)-polytope, 
by the above claim, we obtain two other cornered A3(l)-polytopes are given 
by {'i, ^2, ^5, ^e} and {Zi, Z2, ^3, ^4}- Thus {h, 12,13,14} must produce a cornered 
A3(l)-polytope. This gives the proposition. 
■ 

Remark : We call the inscribed 1-degree 2-simplex in an y4.g(l)-polytope 
in the above proposition a Fano block in the y4.g(l)-polytope which appears in 
the following theorem. 

From the theorem and the proposition, we have the following theorem. 

Theorem 28 Let {li 1 < « < 7} be a set of lines in Lg, which forms an Aq{1)- 
polytope in ^21- The set of Fano blocks in the A%{l)-polytope consists of seven 
A2{1) -polytopes in the 6-simplex. Furthermore, the seven lines and Fano blocks 
in the 6-simplex produce a Steiner system S{2, 3, 7) which is known as Fano 
plane. 

Proof : By proposition[27]and theorem[2ni there are only seven Fano blocks 
in the given set of lines. By lemma [25l we can label the seven Fano blocks as 

{^5, 'e, ^7}, {'3, U, h}, {h,l2, h}, {h, h, h}, 
{h,l3, k}, {h, I3, h} and {^i, /4, ^s}- 

Furthermore, one can directly check the seven lines {^i 1 < i < 7} and Fano 
blocks form a Steiner system 5'(2,3, 7). 
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4.2.4 Rulings and inscribed 1-degree 7-simplexes 

Again, the set of center of inscribed 1-degree 7-simplexes, A7(l)-polytopes, in 
is a subset of the set of vectors with norm 16 in ii^g-lattice which has more 
than one i^g-orbit. Here we find out that the configuration of A7(l)-polytopes 
in 421 is close to that of A4(l)-polytopes. Here each center of A7(l)-polytopes 
gives a ruling in 42i . Furthermore, each center of A7(l)-polytopes can be written 
as the sum of two centers of cornered A3(l)-polytopes where they are in the 
vertex figures of the bipolar pair of lines in the corresponding ruling. The detail 
is as follows. 



Theorem 29 Let D he the center of an Aj{l)-polytope in 42i. The center D is 
corresponded to a ruling f by D/2 + ^Ksg — f ■ Furthermore, the center D can 
be written as a sum of two centers of cornered A^{l)-polytopes in the 7-simplex. 
There are seven pairs of centers of cornered A^{l)-polytopes whose sum is D, 
and each pair corresponds the bipolar pairs of lines in the 7-crosspolytope given 
by the ruling f. 

Proof : Let {k 1 < i < 8} he a set of lines in ig producing an ^^(l)- 
polytope in 42i whose center is D. We claim that if a subset of four lines in 
{k 1 < i < 8} gives a cornered A3(l)-polytope with center Di, the complement 
subset also form another cornered A|(l)-polytope with center D2 ■= D — Di. 

Proof of claim: Without losing generality, suppose Di is given as li + I2 + 
I3 + U. If we consider {k 1 < i < 7}, {^5,^5, '7} must form a Fano block in 
{h I < i < 7} by proposition E71 and theorem Now we consider an Ag(l)- 
polytope given hy {k 2 < i < 8}. By proposition |9l {^2,^3,^4} is a Fano block 
in {li 2 < i < 8}, and the complement {I^Jq^ItJs} gives a cornered A|(l)- 
polytope. This gives the claim. 

Here Di ■ Ksg — D2 ■ Ksg = —4 and Di ■ D2 — 16. Since Di and D2 are 
the centers of cornered A3(l)-polytopes, these divisor classes are corresponded 
to Idi and by corollary [T] Moreover, the intersection Ijj-^ ■ is 

Id^ ■ Id2 = Q^i + Ks)j ■ Qi?2 + Ks}j = 1, 
and + ^£)2 := / is a ruling. In fact, we obtain 

/ = Id, + Id2 = Q^i + Ks^ + Qi?2 + Ks^ = + ^^Ss- 

For a fixed line 1$, each cornered A3(l)-polytope containing ^g gives a Fano 
block in {^i 1 < i < 7}. Thus there are seven cornered A3(l)-polytopes contain- 
ing Zg with centers i^i 1 < i < 7 by theorem [^Sl and more there are seven pairs 
of centers 1 < i < 7 oi cornered A3(l)-polytopes such that D\ + D\ = D for 
1 < z < 7. Thus there are seven pairs of lines which produce the ruling /. In 
fact, these are all the possible pairs in the ruling because the ruling / is corre- 
sponding to a 7-crosspolytope in 42iwhich has seven pairs of bipolar lines with 
1-intersection. 
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As a direct application of the above theorem, we obtain the foUowing corol- 
lary which shows how to construct a yl7(l)-polytope from a ylg(l)-polytope. 

Corollary 30 Let S := {lb 1 < b < 7} give an AQ{l)-polytope where {k, Ij, Ik} is 
a Fano block. If I is a line whose vertex figure contains the cornered ^1(1)- 
polytope given by S — {li,lj,lk}, then a A^{l)-polytope given by {lji,lj,lk} is 
uncornered. Furthermore, there is a line Is whose union with S (resp.{li,lj,lk}) 
gives an Aj{l)-polytope (resp. a cornered A^{l)-polytope). 

Proof : By Proposition E71 the A3(l)-polytope with the center D given by 
S — {liyljylk} is cornered, and the line I is given as / = _D/2 + Ksg. By lemma 
[TTI there is a line Is such that {li^ljjkjs} forms a cornered A3(l)-polytope. 
Since {li,lj,lk} is a Fano block in the A3(l)-polytope, the line Is is not in S. 
Furthermore, by theorem [TOl S U {Is} gives an Ay(l)-polytope. Since I ■ la = 
{D/2 + Ksg) ■ la — 1 tor a — i,j,k, {l,li,lj,lk} gives an A3(l)-polytope, and 
this is uncornered by proposition [3] This gives the corollary. 



4.3 Inscribed 2-degree simplexes and 3-degree simplexes 

As in the inscribed 1-degree m(< 3)-simplexes in — 4)21, the centers of in- 
scribed simplexes with higher (i.e. > 1) degree are either unique or corresponded 
to the lines for the cornered issues. Thus the configurations of inscribed sim- 
plexes with higher degree in (r — 4)21 are naturally related to the fc-Steiner 
systems along the monoidal transform. 
A. Inscribed 2-degree 1-simplex 

The yl^(2)-polytopes exist when r = 7,8. 

(1) Inscribed 2-degree 1-simplex in 821 

Since a pair of lines li and I2 in Ly with li ■ I2 = 2 equivalently sat- 
isfy h + h = —Kst, all ^i(2)-polytopes in 821 share a center —Kst More- 
over, an Aj(2)-polytope in 821 is determined by a line I in L7 and G{1) = 
— {Ksj +1). Thus each A{(2)-polytope corresponds to 2-Steiner block on S^ 
given by {l,^ {Ks, + I)}. 

(2) Inscribed 2-degree 1-simplex in 42i 

The center of each (2)-polytope in Pic Ss is a divisor D := li + I2 where 
Zi • Z2 = 2. And as in the theorem [21 the divisor D satisfies = {h + h) = 2 
and D ■ Ks^ = (h + h) ■ Ks^ = -2. The divisor D on Ss with = 2 and 
D-Ksf, = -2 equivalently has [D + Ks^f = -1 and {D+Ksa)-Kss = -1 which 
corresponds to a line in Pic 5*8. Thus the set of centers of (2)-polytopes in 
421 is bijective to the ig. 

For a fixed center D of an (2)-polytope in 42i, the configuration of all the 

(2)-polytopes with the common center D is as follows. 
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Let ^3 and U be two lines of an (2)-polytope with the center = 1^ + 
I4 above, we have a hne I :— D + Ksg which also satisfies (D + Ksg) ■ h = 
{I3 + ^4 + Ksg) ■ k = ioi i — 3, 4. Therefore, I3 and I4 are in No{l, Ss), namely, 
the vertex figure of I. The map nf : Ss ^ S7 induced by blowing down / 
sends I3 and I4 to lines in Sr with intersection 2. Thus configuration of ^i(2)- 
polytopes with the fixed center D is same with the configuration of Al{2)- 
polytopes in 821 which is 2-Steiner system 5^(2, 5*7) . Note by lemma [TTl the 
Gi, Gieser transform of /, transfer li and I2 to each other. 

The configuration of inscribe 2-degree 1-simplexes are summarized as follows. 

Theorem 31 The 2-Steiner system 5^1(2,57) in 6*7 determines the configu- 
ration of Ai{2)-polytopes in 42i with a fixed center and the configuration of 
A\{2)-polytopes in 821 . 

B. Inscribed 2-degree 2-simplex in 42i 

The A2(2)-polytopes exist when r = 8. The center of each A2(2)-polytopes in 
Pic S's is represented by a divisor D := li -\- I2 + I3 where ^1,^2 a-nd ^3 lines 
with li ■ Ij = 2. And the divisor D satisfies = (^i + I2 + l^f — 9 and 
D ■ = {h + ^2 + ^3) ■ = —8. By Hodge index theorem, —3Ksn is the 
only divisor satisfying equations. Thus, all the A2(2)-polytopes in 42i share one 
center —3Ksg. 

Furthermore, each A2(2)-polytope in 42i corresponds to a 8-Steiner block of 
Sb{3,Ss) in the section[3l Therefore, the configuration of the yl2(2)-polytopes 
in 421 is exactly the 8-Steiner system Sb{3, Ss)- 

C. Inscribed 8-degree 1-simplexes in 42i 

The (3)-polytopes exist when r = 8. Since a pair of lines li and I2 in 
Lg with li ■ I2 = 3 equivalently satisfy h + I2 = —^Ks^, all v4f (8)-polytopes in 
421 share a center —2Ksg. Moreover, an (8)-polytope in 42i is determined by 
a line I in Lg and B{1) ~ — {2Ksg + 1). Thus each Af (8)-polytope corresponds 
to 2-Steiner block in 5^(2, Sg) given by {I, - {2Ksg + I)} in 5*8. 

In summary of this section, we have following tables. 
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4.4 Inscribed crosspolytopes in Gosset polytopes 

Recall that each ruling in Pic Sr corresponds to a center of an (r— l)-crosspolytope 
in (r — 4)21. The configuration of the lines in the (r — l)-crosspolytope is given 
by (r — l)-pair of lines with 1-intersection between the two lines in each pair 
and 0-intcrsection for other cases (see subsection 12. 2p . Furthermore, when we 
choose a line from each of [r — l)-pairs, the (r — 1) chosen lines always consists 
of an (r — l)-simplex in the (r — l)-crosspolytope, and two lines in a pair and 
another line form an isosceles right triangle with lengths \/2, \/2 and 2. Here the 
common length of edges in the (r — l)-crosspolytope is v^. In this subsection, 
we consider inscribed m-crosspolytopes in (r — 4)21 for m > 2, which have the 
edges with common length > ^/2. 

Recall that for lines li and I2 in L^, the length of the segment joining li and 
I2 is given by-y/— (/i — ^2)^ = -\/2 + 2Zi • Z2. If each edges in a crosspolytope has 
length 2, then the distance between two antipodal lines in the crosspolytope is 
2-^/2, and their intersection is 3. Two lines with intersection 3 exist only for 
5*8, and since there are no two lines in a del Pezzo surface whose intersection 
is bigger than 3, this is only possible case for the inscribed crosspolytopes in 
(r — 4)21 for m > 2. 

Now, we only consider lines in Lg and a Gosset polytope 42i. 

Just like the center of an (r — l)-crosspolytope in (r — 4)21, the center D of 
an inscribed crosspolytope is given by the sum of two antipodal lines in it. 
Since these lines have 3-intersection, the divisor class D satisfies — —8, 
D-Ksg = —2. Because —2Ksg is only D with these conditions, all the inscribed 
crosspolytopes in (r — 4)21 share a common center —2Ksg. 

If there is an inscribed m-crosspolytope in (r — 4)21 for m > 2, the facets 
in it are (m — l)-simplexes with length 2, namely, inscribed 1-degree (m — 1)- 
simplexes in 42i. Conversely, for each inscribed 1-degree (to — l)-simplex in 42i, 
wc can construct an inscribed m-crosspolytope as follows. 

Theorem 32 Let li 1 < i < m be lines in which form an A^_i{l) -polytope 
in 421. The set {li,B{li) 1 < i < to} gives an inscribed m-crosspolytope in 
4:21 where one of its facet is the A^_i{l) -polytope. Furthermore, there are in- 
scribed m-crosspolytope in A21 for m < 8. 

The inscribed TO-crosspolytopes in 42 1 are involved in many interesting issues 
along the configuration of lines. However, we consider the 4-crosspolytopes in 
421 in the next section, and the other issues will be discussed in another article. 
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5 Hypercubes in Gosset polytopes 



In this section, we consider polytopes given by both the vertices and the edges 
of (r — 4)21 but inscribed in it. In particular we study m-cubes in (r — 4)21. In 
fact, the inscribed 3-cubes in 821 was studied by Coxeter [5]. 

An m-cube (also called as an m-dimensional hypercube or a measure 
polytope) is a parallelogram given by perpendicular m-vectors of a constant 
length, which represent m-edges that meet at one vertex. For example, 72 is a 
square and 73 is a cube. An m-cube can be constructed by translating an (m— 1)- 
cube along a segment in the perpendicular direction. An m-cube contains 2™- 
vertices, and the vertex figure of each vertex in it is a regular (to — l)-simplex 
ttm-i, see P] for detail. 

On behalf of figuring out possible m-cube in a Gosset polytope (r — 4)21, we 
observe that the length of a diagonal in the m-cube can not be bigger than the 
longest distance between vertices in [r — 4)21. Since each edge in the cube has 
length v^, a diagonal in an TO-cube is \j2m, and the longest distance between 
vertices in (r — 4)21 is 2 for 3 < r < 6, -\/6 for r = 7 and VS for r = 8 because 
(^1 ^ ^2)^ = ^2 — 2l\ ■ I2 and the maximal possible intersections in Lr is 1 for 
3 < r < 6, 2 for r = 7 and 3 for r = 8. Thus the dimension of biggest m-cubes 
in (r — 4)21 is 2 for 3 < r < 6, 3 for r — 7 and 4 for r = 8. 

The 2-cubes are given by two lines with 1-intersection. Thus 2-cubes in 
(r — 1)21 correspond to rulings in Pic Sr which is treated in In this article, 
we only study 3-cubes in 821 and 4-cubes in 42i as an application of the above 
study on inscribed simplexes and crosspolytopes, and the further study on m- 
cubes in (r — 4)21 will be discussed in another article. 

For an m-cube, the center is given by the sum of two vertices on a diagonal 
in the cube. Thus the center of an m-cube equals the center of an inscribed 
(m — l)-degree 1-simplex. For each vertex I in m-cube, the vertices in its vertex 
figure intersects by 1 to each other because any two lines in the vertex figure of 

1 are two diagonal vertices of an 2-cube containing a vertex I . Thus the vertex 
figure of I in the m-cube is an inscribed 1-degree (m — l)-simplex. 

5.1 3-cubes in 821 and 
A. 3-cubes in 821 

The centers of 3-cubes in 821 are corresponded to the centers of Al{2)- 
polytopes in 821. Thus those are given by the divisor classes D with = 

2 and D ■ Ks^ = —2. Since such D in Pic Sj is only —Ks-,- All the 3-cubes 
in 321 share a common center. And the vertex figures of lines in the 3-cubes 
are y4.2(l)-polytopes in 821. In fact, an A2(I)-polytope determines a 3-cube as 
follows. 

We consider an j42(l)-polytope in 821 given by {/i,/2,^3} with the cen- 
ter Di — li + I2 + h- As in the configuration of A2(I)-polytopes in 821, 
there is a line l^j]^ ^ Di + Ks-, in iy where {^1,^2,^3} is in the vertex fig- 
ure of l^^. By applying Gieser transform G, we get another A2(l)-polytope 
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in 821 given by {G{li),G{l2),G{l3)} and a line G{Idi) where its vertex figure 
contains {G(Zi), G(Z2), 0(^3)}. Now, a set of lines 

{hMM,lD^.G{h),G{h),G{h),G{lD,)} 

gives a 3-cube in 821 because h ■ G{lj) — k ■ {—Ks-, — Ij) ~ for i ^ j. This 
also implies that the set of lines in a 8-cube in 821 can be written this way. 
In fact, by the remark in the inscribed 1-degree 2-simplexes in 821, we know 
k + Ij = ifj + G{lk), k distinct and {k, ,G{lk)} forms a 2-cube. 

B. 8-cubes in 42i 

The centers of 3-cubes in 42i are corresponded to the centers of ^i(2)- 
polytopes in 42i. Thus those are given by the divisor classes D with = 
2 and D ■ Ksg = —2. As in the configuration of (2)-polytopes, such D in 
Pic Sg is corresponded to a line in Lg hy Ijj = D + where all the A\{2)- 
polytopes in 42i with the center D are contained in the vertex figure oHd- Thus 
the 3-cubes in 42i with the center D are in the vertex figure oi Id- Furthermore, 
these 8-cubes in 42i with the center D is bijectively mapped to the 8-cubes in 
321 by the blow down map tti^ : Ss S^. Just like 8-cube in 821, a 3-cube 
with fixed center D in 42i is determined by a vertex and its vertex figure in the 
3-cube by the Gieser transform for Ijj in 42i. In other words, if {?i,?2i'3} is 
an A|(l)-polytope in the vertex figure in a 3-cube with center D, the 8-cube is 
given by 

{/i, ^2, ^3, 1', Gi„{li),Gi„ {I2), Gi^{l3), Gi„{l')} 
where I' -.^ h + I2 + h + Ksg — by lemma [TTl 



5.2 4-cubes in 42i 

The centers of 4-cubes in 42i are corresponded to the centers of (3)-polytopes 
in 421. Thus those are given by the divisor classes D with = 4 and D ■ Ks^ = 
—2. Since such D in Pic Ss is only —2Ksg. All the 4-cubes in 42i share a 
common center. And the vertex figures of lines in the 4-cubes are cornered 
A3(l)-polytopes in 42i. In the following, a cornered A3(l)-polytope determines 
a 4-cube in 42 1. We also consider an uncornered A3(l)-polytope along the 4- 
cubes in 421. 

A. 4-cubes and inscribed cornered 1-degree 8-simplexes in 42i 

Recall a 4-cube has 2* vertices. Since we begin with a 8-simplex, we need to 
identify 12 more lines to construct a 4-cube. 

We consider a cornered A3(l)-polytope in 42i given by the set of lines 
{Zi, I2, 13, h} in Lg, and I is the line in Lg whose vertex figure contains {h, I2, h, h}- 
By applying Bertini transform B, another set of lines {B{li), i?(Z2), -6(^3), B{l4)} in 
Lg produces a cornered yl3(l)-polytope which is in the vertex figure of -6(0- 
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Now, we need to identify six more lines to construct a 4-cube. The idea is that 
we choose proper four Hnes from 

{h,l2,hj4,Bih),B{l2),B{h),Bih)} 

so that four chosen hnes form a cornered A3(l)-polytope. This 3-simplex 
determine a hne whose vertex figure contains the 3-simplex. According to 
the intersections between lines, {k^ljjk, B{ljn)}, {B{li), B{lj), B{lk),lm} and 
{li,lj, B{lk), B{lm)} where {i,j,k,l} = {1,2,3,4} are the only possible cases. 
But by proposition ini first two cases produce uncornered A3(l)-polytopes. For 
the last case, there are 6 possible candidates, and all of these produce cornered 
A3(l)-polytopes by following lemma. 

Lemma 33 // the set of lines {Ii,l2,l3,h} in produces a cornered A^{1)- 
polytope in 4:21, each set of lines {k, Ij, B{lk), B{lm)} for {i,j,k,l} = {1,2,3,4} gives 
a cornered A^{1) -poly tope in 42i. 

Proof : By proposition^ it suffices to show li + lj+B{lk) + B{lm)+4:Ksfi is 
2d' for a root d' in Pic Sg. 

Since {^i, ^2, ^3, ^4} gives a cornered A3(l)-polytope, there is a root d such 
that 2d = h + I2 + k + h + 4:Kss- For {li,lj,B{lk),B{l„,)}, we have 

k + Ij + B{lk) + B{1„,) + 4Ks, =h + Ij -lk~ l,n 

^2{k + l,-d + 2Ks,). 

Moreover, li + Ij — d — 2X3^^ is a root because 

(/, + lj-d + 2Ks,) -Ks.^O and {k + Ij - d + 2Ks,f = -2. 

Thus, we have the lemma. B 

By this lemma, we have six more lines in addition to 

{h,l2. h, k, /, B{h),B{l2), B{h),B{h),B{l)} 

which complete 16 lines for a 4-cube in 42i. In fact, we have an inscribed 
1-degree 4-crosspolytope given by 

{hMMM,B{h),B{l2),B{h),B{h)} 

and a 4-cube containing it. In summary, we have the following theorem. 

Theorem 34 Let the set of lines {Zi, Z2, /a, I4} in Lg, produce a cornered ^1(1)- 
polytope in 42i and I be the line whose vertex figure containing the 3-simplex. 
A set of lines given by 

r l,B{l), U,B{k) forl<i<A, \ 

\ \{k + l,+B{lk)+B{l^))+Ks, for {i,j,k,l}^{l.'^.iA} J 

makes a A-cube in ^21- Furthermore, an inscribed 1-degree A-crosspolytope given 
by {li,B{li) {1 < i < 4)} is inscribed in the A-cube. 
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B. Inscribed 1-degree 4-crosspolytopes and inscribed uncornered 
1-degree 3-simplexes in 42i 

When the set of hnes ^2, ^3, '4} in ig produce an uncornered 
polytope in 42i, we can also construct an inscribed 1-degree 4-crosspolytope 
in 421. But there is no 4-cube containing the 4-crosspolytope. 

From lemma [T71 each A|(l)-polytope given by {li,lj,lk} in the 3-simplex 
gives a skew 2-lines l^^^ + ll'^ where /, + Ij + h + Ks^ = l]^^ + ll''" for {i,j,k,l) = 
{1,2,3,4}. Furthermore, l]^^ ■ 4™" = l]^'' ■ l'^" = V^'' ■ = for {i,j,k} ^ 
{I, m, n} since above four skew 2-lines are skew edges. Now we consider a set of 
eight lines given by 

C {G;j^..(/f''),G;.,..(/^^'=) where ijk e {123,124,134,234}}. 

By lemmarim • G,i_™ = ■ G,,™„(?i"") = 1 for 

{i,j,k} {l,m,n} and G^iik{V^^) ■ G^ijk{l]i'^) = 3. Thus, the set C is the 
vertex set of an inscribed 1-degree 4-crosspolytope in 42 1. From the following 
theorem, there is no 4-cube containing the inscribed 4-crosspolytope. 

Theorem 35 Let the set of lines {^i, ^2, ^3, '4} in produce an uncornered 
A^(l)-polytope in A21. An inscribed 1-degree A-crosspolytope in A21 determined 
as above is not inscribed in any A-cube in 42i. 

Proof: We show that each j43(l)-polytopes in the 4-crosspolytope is un- 
cornered so that none of the facet in the 4-crosspolytope can be a vertex figure 
of an 4-cube. We consider an A3(l)-polytope given by 

5 := {G;j^,fc(Zf'') where ijfc £{123,124,134,234}} 
and assume it is cornered. Thus there is a root d such that 

2d = Gii23(Zi23) + Gii2.{ll^^) + G,i34(Zi34) + G,234(Z234) + 4Ks,. 

Furthermore, this gives 

2d ^ {ii^^ + + ii^' + if^) {ir + ir + ir + iry 

On the other hand, since {^i, I2, 13, 14} forms an uncornered A3(l)-polytope, by 
corollary [5] the center of this 3-simplex satisfies 

3(/i +l2 + h + h) + ^Ks, = E + + + 

By combining above two equalities, we have 

3(/i + ^2 + ^3 + h) = + ll'^ + ll'^ + IT) d - 2KsA, 

which implies ^{li + I2 + h + h) in Pic Ss and it is a root in 5*8. By propo- 
sition [HI the A|(l)-polytope given by {?i, ^2, ^3, '4} must be cornered, and this 
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is a contradiction. Thus the A3(l)-polytope given by the set S is uncornered. 
Similarly, each yl3(l)-polytopes in the 4-crosspolytope is uncornered. 
This gives the theorem. ■ 
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